CHAPTER XXVIII. 


DEFINITE INTEGRALS (111). 
1121. The Three Integrals, 


L-[ cos pô cos q0 dO=0 (p--q); or à (p—4) 
0 


h-[ sin pO sin q9 d6—0 (p--q); or 5 (p—q), 


L-[ sin pô cos qO d0—0 (p+q even); or > (p+q odd), 
0 


where p and q are integers, are of very special importance in 
the Theory of Definite Integrals. 
(i) Ld cos pO cos gd0=5 [7 [cos (p +g) 9 + cos (p—q) 0] 40 


AE m sin (p—q) 67" 
À- pt+q p-q 0 


—0, if p and q be unequal. 
puts pee, |) - ia [56-05 Dey =[0] =r; 


< J,=0 if p#q and =5 if p—q. 


In the latter case, viz. p=q, we may obtain the result directly without 
taking a limit ; for 


i= [cost p0 a= = [14905276 ag sore => 


(ii) In the same way 


I= [sin pO sin g6.d9=0 if p+q or =5 if p=q. 
293 
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(iii) Finally 
: 1 i i 
=f sin pô cos qÜ 46 —1 [| [sin (p+9)0+sin (p-9)0] d0 


.lp cos A 


2 ptg p-4 
i-t- i-e 1- (-1)* 
ptg p-g 


LL i 
s.s yi 3) for (—1)?-t=(—1)?#8, 


=0 or 


2p 

pi-g? 

according as p 4-q is even or odd, and p, q unequal. 
And if p=q, 


L=5 JA sin 290 d8-;[ - e or ^r DI =0, p being an integer. 


1122. Important Applications. 

If then F(0) be a function of 0 capable of convergent 
expansion in a series of sines or cosines of integral multiples 
of 0, say, 


F(0)2A,4- A, cos 04- A, cos 20+... +A, cos n0 4- ..., 


we have [ F8) cosn&d8—4,. 5 and [Fo d6— Agr. 
For upon multiplying by cosn and integrating between 
limits 0.and 7 all the terms vanish except A, | costno dé, 
which becomes A,. 3 i 
When therefore such an expansion for F(0) is possible, this 
result gives a means of obtaining the several coefficients, viz. 


A,=1("F(6)d0, A,—2 (" F(0) cos no dé. 
Tio T Jo 


Similarly, if F(0) be expressible in the form 
F(6)=B, sin 0+ B, sin 20+...+B, sinn0+ ... 


we have B,=? , F(0) sin n d0. 
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In the same way, if F(0)z A, $ A, cos r6, 
1 


then A F (0) cos mô cos pan F(0) {cos (m +n) 0 +cos (m — n) 6) 40 


=}. ¿(mint Ama) mEn, 
and li F (6) cost m d6—; 7 (244+ Aag). 


Again fi F'(0) sin 2m dà => A, Ast. 


4m 4m 
í pata 
and so on for other similar applications of the rules. 
1123. There are then two cases for which the rules are 
particularly useful. 
1. When F(0) is a known expansion of one of the forms 


A ot 24, cos rO, 2 Br sin 70, 


i.e. such that the coefficients Ay, A,, A», ... or B,, Bg, ... are 
known, the method may be used to obtain definite integrals of 
the forms 


y cos i cos cos cos? 
Joe reae (0) parade, [Ft pode, 
ete. 


2. Conversely, if (0) has not been already expanded in such 
form, i.e. in a convergent series of sines or cosines of integral 
multiples of 0, and if such expansion be possible, and if it 


be possible to obtain the value of [ F(0) cos n0d0, or of 


IZ sinnô dO, the values of the several coefficients may 


then be deduced as 4 i. F(0)d0, 


An==| FO) cosn0d0, B zn F(0)sinn0d0, (n > 0), 
0 


and the expansion thus obtained holds for all values of @ 
between 0—0 and 0—7. 


1124, Again, if there be two convergent expansions of the same 
kind, viz. 
F'(0) — A, + A, cos 8+ As cos 20 + Ag cos 30+..., 
f (8) — €, + €, cos 6-+ C, cos 20 + C, cos 30 +..., 
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296 CHAPTER XXVIII. 
then plainly, upon multiplication and integration between limits 0 and rr, 
ASA dee - Í " f(6) F(0)d0 - AC, 
and as a case, if /(0) and (0) be the same series, 
AS RAS EA Assur? [ROPO Ay. 
1125. Further, if 
(x)= Apt Ayrt Age? + As H-... , 
y (2) = €, Chat Op? + Cotto... ; 
then writing u=xe0, v=xe-, 
 (u) + $ (v) 22 (4, + A2 cos 0 + A52? cos 20 + Aza? cos 30 + ...), 
Y (u) + Y (v) 22 (€, + Cyr cos 0 + C52? cos 20+ C425 cos 30 +...) ; 
Ago. T+ A/C? + AD A C 
f p) +h(r) , (v) V(») ¿y 
0 9 9 i 
t.e. Alo t+ A02? + ACi t AC +... 
1 T 
=z; |, [b+ HOLY +9 (0)86— 446; 
0 
and as a particular case, if ¢ and y be identical, 
A+ Asa? Aat + Asa +... m [60-- ())Fd6 — A9, 
Jo 
ùe. when the several terms of a series can be summed, we can express the 
sum of the squares of these terms in the form of a definite integral, and 
the sum of the squares of the coefficients will be expressible by means of 


the’ same integral, putting z—1, provided the series is convergent for 
that value of z, 2.e. 


Ad ASH AST AZ... =z; [$(e9) + $ (e- 9) Pad — A. 
0 
1126. Ex. Thus for the series (1+.)", n being a positive integer, 


AP AP EA mg | [(1 ce)" - (1-76) do- 
YO 


«| uS IN) o 241 
=z | (4 +e 2 ) (3 +e z) dó-— 1== [ (cos S cosn $) d@-1. 
27 Jo Jo 


Similarly for the series 4=14+% ., we have 


! jar 
mA) e) (s) kai ad. pol (ey 7 Yao £] 


P. L 2 cos 0 2(ai a 
AG cos*(sin 0) d0 — 1. 
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1127. Again we may express as a definite integral the sum of the first 
r terms of any series, 
(x) 2 Ao t+ Ayr 4- A527? -- A 25 4- ... ad inf. 
For writing as before, v — xe, v=xe-40, 


$() t 90) _ 4,4 42 008 6 + Asti cos 20+ Agr cos 30 4... 


to an infinite number of terms. 
sin > rô 
Roe ue 


. Also =1+c08 0 4- cos 20 +... -- cos (r—1)6. 


sin 3 
Multiply and integrate from 0 to T ; 


^ Aot A e+ A H- Aga? - AA ‘J 
ptet) mea ex C pon 
== aN — co dó — Ay. 


sin 3 


1128. If we take as our auxiliary series, 


rà 
d hee 0 — cos kÂ + cos (E -- 1)0 + cos (k4- 2)0 +... to r terms, 


sin = 
2 


we have 
Artt Appi tht H... + Aggy attr} 


- T CAM 


r0 
sin — 
2 co os Et gap, 


sin 3 


i.e. the sum of r terms of $(z) starting from any particular term, k>0. 
Obviously other modifications may be made. And provided 4$(«) 

remains a convergent series when z—1, we may put 1 for x before the 

integration is performed if it be required to sum the several coefficients in 


any of the above cases. 


1129. Examples of Pm ret from the Foregoing Principles. 


Since 22" cogn y = 2 “> “anc, cos (2n — 2p) 4- *^C,, 
p=0 


2241 cogifHL y = 9 A 1H C, cos (2n +1 - 2p)x, 


"3 
$3 


(—1)"22" gin Mx — 2 als 1)? MC, cos (2n — 2p) x + ( - 1) 0n, 


p=n 
and (-1)"23"H gin*+17=2 Y (— ])P*" HO, sin (2n+1-—2p)x, 
p=0 
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we have, by aid of the 3p article, 


ra cos?! y cos 2nx dx — zin jm E cos?” y cos (2n — 2p) x d — *^ C, gi 


Í cos? v cos rz dz —0, (r+0), 

0 

where r is odd, or even and not lying within the range from 2n to —2n 

inclusive. — (A) 
Í cos*H r cos (2n+ 1)z dz — zy 

Í cos*"H x cos (2n +1 —2p)xdxr=*"+1() . gm 


A cosM+zcosradr=0, (r #0), 
0 


where r is even, or odd and not lying within the range from 2n+1 to 
— (2n + 1) inclusive. (B) 
f; sin?” x cos 2nx da — ( — 1)” 
+0 


| sinag cos(2n — 2p)z d» — ( — 1) *? "Cp gi 


m 


f sin*"zcosradz=0, (r#0), 
0 


where » is odd, or even and not lying within the range from 2n to — 2n 
inclusive. (C) 


f sin? y sin (2n - 1) dz — ( — 1)^ gm 


i sin? g sin(2n 4-1 - 9p)z dz — (- 1) *? ?n1105, gp 


j Í 7 sinf'Lz sin rz da — 0, 
0 
where r is even, or odd and not lying within the range from 2n 4-1 to 
— (2n 4- 1) inclusive. (D) 
All six statements in (A) and (B) may be summed up in the result 


E T 
Í cos^z cos ps da — Ma DU (p. #0), 


where ^C4—, is the number of combinations of A things AE at a time 
D 


and is unity when »=A, or zero if e. F be not a positive integer. 


The three statements in (C) may i similarly summed up as 


2\—u 
$. sinAz cos yx dx = Oru (C71) 2  (Aeven, p 7-0), 
and the three statements in (D) may be summed up as 
21 —u—1 


[sima sin pede =" Or- hag (=I) 2 (A odd). 
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1130. Similarly, (1) 2?" f cos**x sin 28x dx 
rep P-n-l o 
=j [2 Y *Cpcos2(n—p)a sin 2sz +” C, sin 2a | da 
0 p=0 
=0, by Art. 1121 (iii). 
(2) a f" cos*"v sin(2s+1)x de 


d ES > E PAN sin(2s--1)z | dx 


2(28+1) 


2 
HARD, ds bon eel A T 
d. (28+ 1)? — (2n ry Abi 0 


= 9 de n° 25+1' 
(3) 213^ Á " cost sin 9sz de 
T pzn . 
-h [2,2, D "+Cpcos(2N+1-—2p)x sin 2sz | du 
2.28 
= SAS Oly eee Geta coe 
o X Com Gn +1 — Spy" 

(4) 231 L cost y sin(2s + 1)z de 


mr pan 4 
-Í [2 2 10, cos(2n+1-—2p) x sin(254+1)x | dx 
p= 
=0. 
(5) (- 19” - sin?” y sin 2sz dx 


= p ES ER a fi 1)? *^C, cos(2n — 2p) x sin 2sx 4- ( — 1)^ *^C,. sin der | dex 


(6) (- 1)” sy ` sin?” y sin (28+ 1)» de 
xf” [2 2, ue 1)? Cp cos (2n —-2p)zsin(2s + 1)z 4 (—1)" M0, sin(2s+1)2 | 
M 2(2s+1) iih 
M ty CEN OP ipi- (2n — app t 7 Um "ELT 
(7) ID” ar sin?”+1 y cos Qsx de 
=f Der — 1)? C, sin (2n + 1 — 2p) x cos 252) | da 
pgn main _2(2n+1-2p) 
78 E, (DP Co n41 - ggg y 
(8) (- 1)" iet A sin?" y cog(2s -- 1)» dx 


H [23 3 (- 1)? "+10, sin (2n +1 — 2p) cos(25-4- 1) de 
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Thus we have considered in Arts. 1129 and 1130 all cases of 
" cos* x cos px d.  cos* xsi d. 
j px dz, , (OP vsin pz dz, 


E sin’ x cos px dx, de sin’ x sin e dz, 
for which A and y are integers, À being positive. 


1131. The eight expressions 
cos** cos 28x,  cosiM+lz cos (25+1)x, cos sin(25+1)x, cos*'tizsin 252, 
sin?” y cos 257, sin®*+! y cos 2sx, sin” sin(2s+1)2, sin?"+ly sin (2s+1)x, 
have the same values when we put r— in place of z. 
But the eight expressions 
cos?" 7 cos (2541) x, cos**+1 x cos 23x, cos? y sinQsz, cos*"-H ysin(2s--1)x 
sin?” y cos(2s+1)2, sin?"izcos(2s--l)z, sin*^zsin2sr, sin"M+ x sin 2sx, 
change sign if we put r—z in place of x. 


From these considerations the integrals from 0 to 3 of the eight in the 
first group are each half the result from 0 to r. 

And the integrals of the eight in the second group from 0 to 7 all 
vanish. This is in conformity with the results found. 


The integrals from 0 to H of the eight in the second group must there- 


fore be found by another method, viz. the reduction formulae of 
Arts. 249-257, 


1132. We have also, by putting for sin?"z its equivalent in a series of 


n 
cosines of even multiples of v, say Ag+ > Ao, cos 2rz, 
1 


f" osing de= [" a(Ay+ Aa cos 2x + A, cos 4x 4- ... + As, cos 2nx) de ; 


and therefore integrating by parts, 
re a sin 2x sin 4x sin 2nz | 17 
[. asia dz-[ 2 [4,74 ALPES p A EDT. tt Aa er y 
a cos 2 T 
-[ 405 A | 


TAN T? 7*1 m? (2n)! 
-A(r- 5 )-'5 dE Com genu iy 


0 


with other similar results. 
This may be obtained otherwise, thus : 


T 0 T 
[ xsin®®ede= — | (w—2)sin™x de= | (T -xsin x d» ; 


QUE? mõ". 
E Í asia de=>3 Í sin?” z do 


0 0 
2n-12n-3 1 v , (Qn)! 


$n 9n-2773' 9 ^ gms 1) 
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1133. The former process may be extended to find ra asin” da, 
where p and » are positive integers. a 
Thus 


[ osi as f" a? (A, +3 As cos 2ra) de= Aiar "29 È As cos re de 


PS sin os Sas q 2r. ; 


tp(p- 1)or*(- ah 7)-»(»-1(- ) Er y, cos rar. 


T 


+(—1)%! toe mereri) 


A 4 pre ers: nye P(P— 1)(p- 25% rit 


and p being integral and positive the series will terminate. 


Also 
1 1 1 z4 
Arm sig, dim m pucri Uns A m quii Oa, OO, Am eng, , 
Hence 
M een a(i, 


Í Aia dr o Coe 
aS Cas 
- pip- 1)p- 3) EE "Opet esp 


We may obtain similar results for 
TJT T A T 
T x? sin? tH x dz, Í 4? cos?" x d, Í a? cog! y dy, 
0 or s 0 


or in fact for any integral of form [ "2? F (a) dz, where F(x) can be ex- 


0 
pressed as a series of sines or cosines of integral multiples of z. For 


instance, 
v sin (n 4- 1)x g 
[22 cosne PERA au [ xP (1+ cos 2x + cos 4x + ... + cos 2nx) dx 
0 
aie n -: i. n (—1) cos 2rx ® (—1)sin 2r. 
= a? ap eee —1)49-2 5 4) Sin are _ 
perth 2a (POS a (20-1Y d 
Var S on 
! 
a Ptt 


T? 1n] 
—— Pcr Sl -ato-no-2 pt 

1134, Results derivable from Well-known Series. 

Many well-known series are established in books on Trigo- 
nometry whose terms involve sines or cosines of integral 
multiples of 0. And such series furnish many definite 


integrals by the application of the rules of Art. 1121. 
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For convenience we quote a number of the more important : 


1-a? 


1. 1 — 2a cos 0 +a? 


Tr 


^ sin 0 


or 


1—-2acos 0 


1- 2a cos 0 +a? 


i cos 0 


or 


1 — 2a cos 0-- a? 


1 — 2a cos O + a? 


=] 4- 2a cos 0 -- 2a?cos 20 -- 2a? cos 30 -- ... , 
=-] al og 9-2 cos 20— 2. c0530— ... $ 
a a a 
=sin 0 +a sin 20 -- a?sin 30 4- ... , 
-1 sin rye sin 20-- l sin 30+..., 
a a a 


=] +a cos 04+a*cos 20 + a3cos 30+..., 


a ^d de £T 20 - 1. cos 30 — ..., 
a a? ar 


"Ix adi e (cos 0+ a. cos 20 + a?cos 30 + ...), 


Dco Md 
~ a(a?—1)‘ a a-l 


5. log (1— 2a cos 0 -- a?) — —2(acos seso catas J 


or 


& dint a sin 6 


or 


1—a cos O 


=10g a*-2 (1 cos U+ 3 ¿00820457 ¿00830 4- .. ) 


—a sin 0+}4a?sin 26+ }a5sin 304 ..., 


-T-0- 6 sin 0+ gj sin 20+ gig sin 304-.. ) 


¡(cos 0+ - cos 20 +— cos 30+... 


and in each of these cases a may be changed to — a. 


We also have 


7. log (3 cos 8) = cos 8 — 5 cos 20 +5 cos 30 — ..., (-T«0«7). 
8. log (2 sin 8) = — cos 6— 5 co 20 — 1 cos 30 — ..., (0 0 — 217). 
9. log(2sin 9) = —cos20—1co0840 — 4 cos 60 — ..., (007). 
10. Ê = sin 9 ¿sin 2943 sin 30-..., (-T«0«7). 
11. e. = sin 6+; sin 20+; sin 30+..., (00). 
12. 3 = sin 0+5 sin 30+5 sin 50+..., (0<0<7r). 


It will be noted that if n< 1, 


, 2a 
log (1 — n cos 6) is a case of log(1 -īpa 0) 


the value of a being given by Lat P, 


or putting a=tan $, n —8in a. 
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a? « 1, 
aio» 1, 
a! « 1, 
a? »]1, 
a? « i, 
a >l, 
a? « 1, 
a?» 1. 
a? «1, 
a> 1. 
a? <l, 


a? >l 


(1 — a)(1 — 2a cos O +a?) — 


Q-a} 
u? 
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1135. Derivation of Other Series. 


303 


Other series may be obtained by differentiation with regard 


to 0. 


Let u= 1 — 2a cos 0+ a?. 
Taking the series 


A 
e 1 +2a cos 0--2a?cos 20--2a?cos 30-r... ......... 
and d sin 0--o?sin 20-- aà?sin 30 +... ........... ese 


Differentiate (1) with regard to 6, 
2a(1 — a?)sin 0 
CE” nm 1d 


(l-a? 


and differentiating (2) with regard to 0, 


(1 +a?) cos O - 2a 
ingen aid 


— 2a sin 0 + 4o?sin 26+ 6a'sin 30 4- ... , 


sin 9 
a 


Equation (1) may be written, 


u? 


y =sin 0 +2a sin 20+ 3a?sin 30 +... -- na"! sin n9 +... 


— cos §+2a cos 20 + 3a*cos 30 -- ... - na'-1cos nO +... 


=1+2a cos 0--2a?cos 20-- ...--2a^ cos nÓ -... co... 


(1), a? « 1, 


(2), a?<1. 


aie, 


(3), à? «1, 


(4), à? «1. 


(5), PLL 


Multiply (4) and (5) by 2a(1 — a?) and 1+? respectively, and add, then 


— 1 +a? 4- 4a cos 0 + 2a*(3 — a?) cos 20 + 2a? (4 — 2a?) cos 30+... 


+ 2a" (n(1 — a?) -(1--a2)) COSMO Fo. sees 


and so on with further differentiations. 
And similarly when a? is 7 1, we have 
"TT 


asin 9 _ 1 
m 


Differentiate (1) with regard to 6, 
2a(a* — 4 Duos sin 9 _ : 
u? 
(@?—1)sin@_1 
mee ORR E 
and differentiating (2’) with regard to 6, 


(1+a*) cos 9-2a_1 
a? 


sin Ó+>, “sin 20-- sin 30+.. 


or 


and equation (1) may be Dat 


pte hate ink BO 142 cos 0 4- , Z cos 26+ Z cos 30+ a Amm 
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- =142c08 0+ 3, cos 20-7, c08 30+... E. pecie 


PLU 62 sin 264-1. MARO ASA 


z = sin 0+ 2 sin 20+ 3 sin 30+... LAT 


cos 0+ 2 cos 204.3 Gi COS BOF wees Lus 


..(6), a* « 1, 
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Multiply (4’) and (5^) by 2a (a? — 1) and a?-- 1 respectively, and add, then 


» Pe = = 
(a ar +14 da cos aS cos 26-4... 4 AU Dre ong... ...(6/) 
etc. 


1136. Successive Derivation of Further Series. 
Again we have 


d? 1 _d  mBsinó — mBcosÓ(A- Bos 6) +m(m-+1) B'(1 cos'6) 
dé (A+Bcos 0)" db (A4 BcosB)" i (A +B cos 9)" *? 
9 &(A *- B cos 0)-- v(A +B cos 6) oa 
(A+B cos gy? : 
where A+pA4+v4?=m(m+1)B?,] giving A=—m(m-+1)(4?—.B”),] 
pB+2vAB=mAB, p=m(2m+1)4, - 
vB? = —m* Bp, v=—m’, J 
: 1)(4?- B? 2m+1)A 3 d? 1 
i.e. e aa ii a= -375 ym where u= A + B cosQ. 


in terms of cosines of integral 


Hence when series for E and A +i 
multiples of 0 have been found, a series of the same kind can be deduced 


f 1 
or me 
Thus, putting A —1--a* and B= —2a, we have 
m(m--1)(1-a?* _m(2m4+1)(1+a*) m* d* 1 (1) 
ATA PENEERON 7 3 A «€ ~ ym dg? um um ..o...oo... 


Putting m=1 and taking the case a? < 1, 
2 a 
1.30 tap 1. Ace EA (expansion of z) 


us u? 


-E 1 RE 2a ((n +1) — (n — 1) a?) cos no | 


Ws Da È +3 2a” cos no | 
+; h ù. alè 2n?a” cos n | 
DU ls S20 a E +a DE (n— Dat | cos n6, 
(t3 i =(1+40%4a1)+ 34, cos nO, 


4e. 
where A,=a"[(1— Jte 3(1— a*) 4-2 (1-- 4a? -- a*)]. 

And further applications of the formula (1), viz. putting m —2, 3, etc. 
will furnish successively the series for zz etc.; and similarly in the 
case when a? > 1. 

1137. yv dl the differentiation of any one of these series furnishes 
another, eg. qma furnishes the series for a in terms of series of 


sines of integral multiples of 6, as was seen in equation (3) of Art. 1135. 
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Thus, since 
(1-8) 2, Y 94n 2 2 2 
E =1+a +22 [n(1—a?)+(1+a3)] cos n0, a? « 1, 
2 }\3 æ 
or ER AS 2 inqa - 1) (a*4- 1)]cosn0, a? 1, 
u 1 A 


we have, by differentiating 
sind, $ na" 
=Y 


—g 9 2 
a? T2(- yit a’) +(14+a2) sinn, a?«1, 
pi "e a D zn [2 (a? - 1) - (a?--1)] sin 20, a* 7 1, 
and so on. 
Again a series for = 0 may be found in terms of the series for E and 
1 
s cosQ 1 1+a%-u_ 144 1 1 1 


w^" 2a uP E u™i 
1138. Other powers of sin 9 or cos @ in the numerator may be readily 
arranged for. 


Thus, since d = a? Y na” sin nO, (a?<1), we have 
bo 1 S ssim: : 
“at TEET A 2 sin Q sin n9 
=z] = 35 na®—l{cos (n — 1)9 — cos (n + 1)8) 
are l 5 [1+ 2a cos 0 + (3a? — 1) cos 20 + (4a? — 2a) cos 30 


+ (5at — 3a?) cos 40 +...], a? <l. 


And if a? >l, a similar result may be obtained. These results are 
mainly interesting from the definite integrals which may be obtained 
from them by the aid of the results of Art. 1121 ; and to this matter we 
now turn, 


1139. Definite Integrals immediately derivable. 

By the application of the rules of Art. 1121 to the series of 
Art. 1134, we have at once the following definite integrals. 
Put 1—2a cos 0+a? = u, and consider in each case n to be a 
positive integer. 

(1) a m = a? 


0 


7 cos nO T E 
(2) Í dü—1 qa" 
o Y ni from Series 1. 
"dQ. we 
ay f "uu a x >l 
* cos nO v 
e ee eae 
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(a) Lao 


Bae 


a@<l 
(4) |t sin d sin nd dg T an-ı 
9 i 4 from Series 2. 

S T 

sn I a Bat 
a>1 

4 [ sin@sinn@ mr 1 

(4) o u ~ 2 arh 


. {™l-—acos 0 
o) [A apo 


e<l 
™(L—acos@)cosn™ ,, T np. 
6 Ne caer OF ree (n > 0) 
(6) Í m 2 from Series 3. 
(5) [1-009 e 
Jo @ >l 


(6) [ Qnae Denn? ac t E (n > 0) 


(7) [La TO \ 


~ ~a? 


(8) i ceo oe ht dle lte anm (n > 0) 


a?-l 


from Series 4, 


cos 0 1 
(75 F dó- =. E 
o u a—l'a à 
^ [T cos 0 cos nO Tal 1 a <l 
e) A A gen (7 9 
e» f log ud@ j =0* 
y T a3 <l 
(10) Í cos nO log ud ue ant 
; from Series 5. 
o f log ud@ — log a** 
T 14 a >l 
/ T 
ao) f cos n log u d0 oro 
(11) i log ud =0*, when a=1, from Series 9. 
Mr, i. ad asin O EN. H " 
a» f sin 20 tan Lacy g; 7, a 21 


- DEW ei from Series 6. 
(13) | sin nô tan : dô = 


perra nies! 2 
— cos Y mar | >1 


* Poisson, Journal de l École Polytechnique, xvii. 
1 Legendre, Exercices, vol. ii., p. 123. 
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(14) f cos n0 log (2 cos 2) d@=(-1)"= , from Series 7. 


(15) L cos n@ log (2 sin 9) dO=- Sn , from Series 8. 


ILLUSTRATIVE EXAMPLES. 
1140. Denoting 1 —2a cos 9 +a* by u: 
1. Deduce from F logud9=0 or rloga?, as a? is < or > 1, by 
integration by parts, 
/ 7 O sin 0 
Jo  u 


WS 2 (a 
dO =—~ log (1 +a) (a? — 1) 
o x 1Y 2 
or =F log (147) (a? < 1). 
2. Deduce from Series 3 and 3’, Art. 1135, 
("sin ð yp 2 — 2 va? 
J, ui dir er s (a?< 1) or (3-1 (a? > 1). 


3. Show by direct integration that 


sin 0 1 1 1 

j us O irs -i) oce qe] (n #1), 
sin 0 l+a 

[ 40-3 108 Es ta (qul) 


1 at+l 
or =- log —; 


2 
4198 5—1 (a? > 1). 


di Provo thi EA m Ma (udi. 


» — 
Lm a 
or — 36071 (a? > 1). 
5. Prove that "€ ei jus (a?< 1). 


o Ta “(=a 
6. Prove that 


[La ppls- antaa) (a< 1). 
7. From the formulae of Art. 1137, deduce 
(cdo a («0 
or ics), (a? > 1) 
foe Ear a?--(L-a?)] (a?<1) 
or =} a pln? -1)+ (+1) (a? > 1). 
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1141. Series for Evaluation when the Integral is not expressible 
in Finite Terms. 

Again we may obtain the values of many definite integrals 
of this class in the form of series which, though they may not 
be capable of summation, will nevertheless serve for their 
numerical calculation. 


For instance, Í " sin 20 log (1 — 2a cos 0 +a?) d9 (a? — 1) 
0 


=-2 [ sin 20( a cos qee LM 
-2 P E on we i +.. 
= -? [a5 12'3 2%- 5 2-5 x | 


i 1.3.5'3.5.7'5. T str Ln -) 
1142. Again, since sin(p4-1)0— sin (p—1)0=2 sin 0 cos pO 
we have 
Rude ap f 880,2 a0—2 cos pedo. 
o sind TEX UD " 
when p is integral. 


That is, putting uy [ 5 Pa E 


g 49, we have 


Up+ = Up-1= Up- = Cte., 


and m= [. SD e a 20 TN [2/500 0:0; 
! o sin Ó 0 


o Sin 


b Wgn 770, Usni SFT. 
Again, p and q being integral, 
[ sin pO odd AN sin (p-- q)0-F sin(p—9)0 ¿y 
0 0 


sin 0 sin 0 
=0 if »+q be even, or if p4-q be odd and p <q, 
= if p+q be odd and p >q. 
Hence if F(0) be a function capable of convergent expansion as a 
series of cosines of multiples of 6, say 
F(0) — Ao4- A, cos 0+A,cos20+...+A,cos7rO+..., 


7 sin 290 
f sini F(8) dó- (Ay + A+... + Arpi) 


| 7 sin (2p+1)0 
and [ERN ptoyqo.. (4,4. 4, + Apt + day) 
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ILLUSTRATIVE EXAMPLES. 
1143. 1. Thus, since 


cost 9 = sá = E mOnt?” Cn 008 204+ 2" C, cos 40+... +°" Cy, cos 28 |, 
we have, if p n, 


7 sin 2 +1 0 T 1 
Í crt ) cosf^ à dO = | ¿Cp + MO 414 «2 Can | 


m T 040,4. £0, |= C +1)M=rr, 
whilst, if p <n, 


(7 sin(2p 4-1) 0 
J, “inp 3 Dé osmo doean } "Cn + Cait: + "Crip |= 2 


2. Apply Art. 1142 to show that, if w= 1 — 2a cos Q-- a?, 


"sin 2n cos 0 lta? 1-47 , , 
f sinĝð u as "ia 1-a@ cern UY 
3. Prove that 


i 7 sin 270 
o 


sin O 


log wd = -2 TA (arai 
og ud@ = —2m A) (a?<1). 


1144. A Reduction Formula. 
Let u = l — 2a cos 0 +a?. 
We have seen that 


I= [ SPP - s (a? « 1) and 774 Tl (a2 1), 


aL 1 


p being a positive integer. 


Lat 1,=[ PP qo. 
o ù 
The n Haon nf eee (cos 0 — a) dO 


E. 2 id 
n (Se — a? Y Am L c FR 


0 qun ü La 

1 " ‘ 1 
^ Lai pat zt we, Insya 4L (a^ AUTE ) 
an equation by means of which the successive values of 
Lo, I, I,, etc., may be deduced. 


1145. We have 


1 T d art 
hu PET hie 1-ai da J-a 


"EE E where K,—(p-1) —- (p - 1)a? , 
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I= phas (a*1;), which after a little reduction takes the form 


2 ac un Es where K,— (p-- 1)(p-- 2) - 2(p--2)(p - 2)a? - (p — 2)(p — 1)a*, 
L= i ae ag Ij), which after reduction becomes >; 3 en, Ee 
where K,=(p+1)(p+2)(p +3) —3(p+2)(p+3)(p—3)a? 
+3(p+3)(p—3)(p —2)a* - (p - 3)(» - 2)(p — Da, 
and so on, the law of formation of the successive values of K, being 


obvious, and it may be verified inductively by substitution in Equation (1) 
that the general form of the result is 


ma? aT = 
ham np, [1 +90, i a ates 


(n—1~—p)(n-2—p) z 
(1 +p) (2+) 
nao M-1-D(r-2-p(n-3-p 
Teer ot) 
a form due to Legendre (Exercices, p. 374). 


If we replace ^*?-!(, by its equivalent patie EET the 


same formula, with the sign changed and —p written for p, will suffice 
for the calculation of the corresponding integrals in the case when a? 1. 


1146. As particular cases we have, if a? — 1, 
* cos pô 
a aS onera ]- goto - 0-02, 


u? 


* 008 pd _ ma? (pp) 2-5 ,,(2-2)(1-2») 
[Ae E m ET rero co ara" 


' lei ü esso D(p--9) - 9(5-3)(p9)0* (p 9)(p- af] 
etc. ; 


and if a? » 1, 


“Pe Ge apil- p)+(1+p)a?], 


[Los pa -2)(2 - p) 2(2 — p) (2 + p)a?+ (24+p)(1+p)a*], 
etc. 


1147. Some Special Cases. 
The special cases when p=0 and p —n — 1 are interesting. 
If p=0, 

"do T 


L^ =i amilt" 1C 32g? 4 710,291 400a.. 3 


the several coefficients being the squares of those of the binomial 
expansion of (1 +z)"—1, 
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Thus d. aa 
o u 1-a 
En 


0 (aw ay (1 +a 2), , 


"de 


| were Tet +a), 


ES 


0 


= ay “a (1 + 3%? + 3%at+a°), 


ra 


=p Ta (1 + 42a? + 67a 4- 4*a* +a’), 


etc. 
If p=n-—1, we have 


cos (n — 1) 0 ant ey 
E sole 6 da" 3C, i 


Cases where a?>1. Take for instance I,= re d 


Here p=0 and h=- (=p +0, 


a0 


Again, L-[ j— rp + Pera, etc. ; 


"(e 
and it will appear e that in the case of p=0, the only change 
necessary in the previous results will be to replace 1 —a? by a?— 1. 

1148. Extension of the Reduction Formula. 

It may be remarked that any integral of the form 


n= P(0) 1 
o u” 


is subject to the same reduction formula as that used in the 


last article, viz. 
e 
Insya dan 619 


" F()1—a?—u 


dl, " F(0 
For r= FO (cos 0—a) dà-n[ are ments mé 
— (12 
yt $ Ee al 


a 
giving, as before, I,4- D TAL). 


Hence in all such cases, if 7, can be obtained in finite terms, 
so also can all the rest of the group l,, Ly, I,, ete. 
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1149. We shall show for instance that this is the case with 
the class of integrals 


I,= [e ape d0, p being a positive integer. 
0 


To do this it is bly necessary to show that J, is expressible 
in finite agi and we shall find that 
E der eine y Uu nM A i 5 
to E or ptl terms — (a? — a7?) tanh™ta. ...... (1), (à? € 1). ...(1) 
Take the case p odd —2A 4-1, say, 


i | un QA ag [* sin(2 +1) O3 --a cos 0 +a?cos 20+ ...]d8 


at aes 
gar teen [a atapi ete EEK PIP ER] 
a?^*2 aati 
A nxrss-gxxiptgxrag-gxaipts d M. ] 
PRU EGO At TRAS NES a p NI wn 
= +1 Le (i9 s2)*" (5-2 a) ++ (3 am) 


-[a aT aus) "GG -13)* d inf. | 


N a Er. sl NIBUS e PAL 
hah 22 -1P2XF1 72143 4À 41 
21—1 244-1 4A+1 
a+ ankaa 1 a O te salt - 1) 
[a tanh—a ri (tanh Canoe ATL ika 
; ¡Lal {eis Oa gee 
t.l. 2 ^ SUPER" CaP RSP dO= SUN Tam + queat dir 
aa? al —(2A4 1) Y 
*tax-1 CU a ) tanh^!a. 
And in exactly the same way, if p be even =2A, 
l-a? (*sin2A0 ,, a9-1-.g-(4-1) 424-8. 4,—(24—9) a-a 


— (a? a tanh-!a (a? « 1), 
which establishes the result stated. 
If we write a=e~’ we may exhibit the result as 


* sin p0 h py tanha 2 i - i -8) y 
f PO 1g 9 Sinh py tanh~ta nha - cosech y [22h (P iy, tinh (e 3) T: 


u sinh y a 


Poo shi ] 
to g 9" 7$ terms |, 


according as p is even or odd. 
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1150. Particular Cases. 
The particular cases when p=1, 2, 3, etc., are 
sin Q 


E = -p3a(a- 2) tank ta=F tanta 


i 5 , 
aa d = I =a (a- *)- (# - a) tanita |=2 i if tanh”*a — zi 


he 9 
u l-a’? 


etc. 


1151. General Conclusion derived. 


It appears then that [5 x21 id dÓ is in all cases, when p is a positive 


integer and a*< 1, of the "ua 
P+Q tanha, 
where P and Q are known algebraical functions of a. 
And in any such case the reduction formula 


1:1 
Ini p gas In) 


may be used to determine ly, Is, I,, etc. 
It will be observed that the first case of this result follows at once 


from the series for 19 (No. 2 of Art. 1134). 
"sind ,, [(*,. Pot * a $ 
For f, o d6- | (sin 0-- a sin 20--a?sin 30--...)d0 (a?< 1) 


a? at 2 Y 
=2(145+5 +...)=7 tanh a. 
If a? be > 1, 


pae do= E (Asin 9 sin 20+ + sin 304. .) dé 


Eo T 
=2(5 ats ats get ) 
= 2 tanh74 na. coth^!a. 

7 a a 


The general case when a?71 for 
in the case a? — 1, using the series 
a?—] 
1 —2a cos O -- a? 
and it will be clear that all that will be necessary to modify equation (1) 
of Art. 1149 will be to replace 1— a? by a?—1 on the left-hand side and 


i snp? ay may be investigated as 


0 


2 2 
=1+7 cos 0+ cos20+..., 


a by at on the right, which leaves the formula for Í s mee ê 19 
unchanged, except that tanh-!a will be replaced by coth-!a. 
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Thus, in all cases whether a? > or < 1, and pa positive integer, we have 


1—a? f" sin pü de ap - ae) a sea 
2^ J0 Au 1 3 


ofo "asi tl terms —(a?—a-?) X, 
where Y=tanh-‘a or coth-!a, ha as a? — or 7 1. 


1152. General Formulae. 
ix cos pô [= po : 

Let the expressions ie SAT d@ and p d@ be respectively 

called C(p, n) and S(p, n). 


Then 
7-cospÓcosgÓ ,, 1 [Tcos(p+4)0+cos (p—gq)0 Pe ef 
[| ee eL agy [AREN L Cara m C(- o» 


= Wm 


A gute A Bn 
pees ang d9=5 | ip pP DP d6— ;[- C(p--a, n) C(p-q, n 


u^ un 


7cos pOsingÓ ,, 1 ["sin(p+9)0—sin(p-q)0 s % at 
$ eer de= | MEEFS I RE Nas =5l S(p+q, n) S(p q, 2, 


u^ 


"poo y. ; [1 nteraórin (pa)? yy -lU S(ptq,n)+S(p-an 
un 2 1 f 


un 
Hence all such integrals can be computed, p, q and n being positive 
integers. 


1153. Integrals of the Class [n cos pÓ dO (Legendre, Exer- 
0 


cices, p. 315), m a positive integer. 
We have 
uw" — (1— 2a cos 6 4- à?)^ (1 —ae*) (1 —ae-5)" 
—(K,-4- Ket +K...) (Ko4- K t + K 67294 ...), 


nc DO PEU and Kyl. 
Le. P 


The coefficients of e and e~? in the product are each 
KK 9+ Kp Ki t+ Kp2k et Kps Kst... 
giving rise to the term 
(KK + Kp4:K1+ Kj, ,K4- ...)2 cos pO, 


and in the integration this is the only term we shall require, 
for all the others vanish by virtue of the theorem of Art. 1121. 


Hence [= | "u^ cos pO dO= (KpKy-+ Ky, K + KpE t ...). 
0 


where K,=(—1)?a? 
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Now Kou 4^—P Ky, ¿(MP NP 1) 


To - , ete, 
E, pci “Ky (p+1)(p+2) °° 

and K,— -i a, ete. ; 

: TIPO (8 PED[, A. BB as 


(n-1) (n-p)n-p- 1) 
re mS rp tm 


1154. The Particular Case p =0 gives 
I=r(K2+ Kg? T K2+ K2+...), 
i.e. i u^ d — s (1 -- ^ Cj2a? - ^ C?a*5-- "Cra + ...). 
0 
We have seen (Art. 1147) that 


dé 
Nr (1- pa TC? +"CPat+"Cya% +...) ; 


whence it follows that 


[ 20-0 ayu [ 22 
0 


naa (soo APG, 10D). seen (1) 


and more generally, since 


je. ma? (prO Sc (erm) 
w"H (1 aer ET2.8.. 


n n-p , n(n—1) "i p^ -p-—1), 
x(1«t. 2 pl a+ D, 2 2 (p+1)(p+2) ^ at+...), 


by writing n+1 for n in the formula of Art. 1145, we have, by comparison 


with the result proved above for f " u” cos pô dé, 


i cos PO ¿y _ (—1)?  (n+D(n+2)...(n+p) 


* 
2i mm (L-a n+ n(n—1)...(n—-p+1) Jo Ming Ju 


or 


Y i n(n—1)...(n-p+1) [*cospé 
f u” cos pü dà —( — 1)?(1 vati aye Fp) lo wet dé. (2) 


In the value of f Tun cospĝ dð established in Art. 1153, it is to be 


noted that p has been assumed not greater than n. 
If p be >n no term containing cos p@ would occur in the expansion 


Ow". X fur cos pa. do=o (p >n). 


If n=, we have f "un cos nO d@=(-—1)"ra". 


The results of this article are due to Euler (vol iv., Cale. Intég., 
p. 194, etc.). The method of proof is that of Legendre (Exercices, p. 576). 
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1155. The Equation | u^d0- (1— a?) ‘ Sn may be estab- 
0 0 
lished directly by the transformation 
(1— 2a cos 0-1- a?) (1 — 2a? cos 6’+ a?) =(1—a?*)’, 
which has an interesting geometrical interpretation due to the 
late Dr. N. M. Ferrers.* 

Moreover, so far it has been assumed that n is a positive 
integer. It will be seen from what follows that this limita- 
tion is no longer necessary. 

Take a circle of radius a and centre O and a point B within 
the circle at a distance b from the centre. 


Fig. 336. 


Let PBP' be any chord through B, and let the portions 
PB, BP’ subtend angles 0, 0' at the centre; then 
PB*— a?--b? —2ab cos 6, 
BP”?=a?+b?—2ab cos 6’, 
and 
(a*-- b? — 2ab cos 0) (a?-]- b? —2ab cos 0") = P.B?. BP? = (a? —B*)?. 
Also, if QBQ' be a contiguous position of the chord, the 
elementary triangles BPQ, BQ'P' are similar; hence 


de _ 7, PQ_1,BP_BP_(@+b'—2abcos0y?_ a— 
—d8 "PQ BY BP \a®- +P —2ab cos Sab eos 6’) "a" E Sab cos 


| GE a 
. (a?4- 5? —2ab cos 0)^ d — — ~ (@-+b?—2ab cos 0)” aL DI Sab eos 0 79 
( a?— b?)20+1 d 0 
——— (a?4-b:—2ab cos O 141" 


* See Solutions of Senate House Problems and Riders, 1878. Edited by 
Mr. J. W. L. Glaisher. 
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If the chord be allowed to rotate so that 0 increases 
from 0—0 to @=7, then O decreases from 0’=7 to 0'=0. 
Hence, integrating and replacing O” by 6, 

* d0 
o (a?—2ab cos 0-- b?) 
Taking the radius a to be unity and replacing b by a, we 


have the equation established otherwise by Euler and Legendre 
above. 


f (a? —2ab cos 0 4-b?)" d0 = (a? — b?)2"+1 | 
0 


Writing ccosS, c sing for a and b respectively, the equation 
may be thrown into the compact form 
| (1 —sin a cos 0)” d — (cos a)?" [ x 
0 


o (1 —sin a cos 0)" 


1156. Another Interpretation of the Integral. 

The integral may also be interpreted in connection with the 
angles known in elliptic motion as the True and Eccentric 
Anomalies. 

Let S and C be the focus and centre of an ellipse, A’ the end 
of the major axis most remote from S, and A the nearer 


Al 
ee ENS 


Fig. 337. 


end, P a point on the curve, NP its ordinate, and Q the cor- 
responding point on the auxiliary circle. Then A’SP is the 
supplement of the “true anomaly,” and SCQ is the “ eccentric 
anomaly.” Let these angles be 0' and O respectively. 
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Then, from the polar equation of the ellipse, 
CA (1 —e?) se Ai 


SP —ecos 6', 
and also SP=CA—e.CN=CA(1—ecos 0). 
Hence (1—e cos 0) (1—ecos 0) —1—e? ; 
and if we write sin a for e, t.e. 
2 tan > %ab a b 
PI A cmd (where tan 2-1). 
1--tan*5 a? +b? 4 


we have 
(a? -- b? — 2ab cos 0) (a? -- b? — 2ab cos 0") =(a?—b?)? as before. 
The case when n— 1, viz. 
ES 2 duci y HRS T dO 
3 E PREISE Uo, oe eee I: q 
f /a?— 2ab cos 0 +b? d0 — (a? — b?) f (a*—2ab cos 046)? 


may be written 


En (a+b)?— 4ab cos? = dg (a?—b?y | E sellos 


((a+ by. — 4ab cos? 4 
k?=1-— k’, 


i 


4ab — 
q (a+b)? - 


fa — E? sin? p) dp= (D Lean 


or putting 379 and 


3 7 
that is, [ A dp—k*| A 
0 0 
and is therefore Legendre’s Elliptic Integral formula of trans- 
formation, Ex. 1, p. 399, with the superior limit y 
1157. A Group of Integrals of Different Form. 
Generally, if we have a known series of one of the forms 
f(x) — A+ A, cos cx+ A, cos 2ca+ As cos 3ez-- ... , 
F(x)= B, sin cz 4- B, sin 2cx+ B, sin 3cx+..., 
we have, by the integrals of Arts. 1048...1051, viz. 


| sin cz de=3 (1-07); | idere; 


o T(1+x2?) o +2 2 
€ sin cx T 
o 142 mt à We 
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where c is positive, 


Ei a =F (dot Ae Aue + As e 4 ,..), 
[.f8, dac SUA -e7)4- B,(1 HN 71) - B, — 679) 4-...], 


F ; 
[ree — (Bie + Bre? + Dye... 


Accordingly, taken in conjunction with the particular class 
of series given in Art. 1134, we obtain another numerous 
group of definite integrals. 


ILLUSTRATIVE ExAMPLES. (c positive throughout.) 


1158. 1. Siuce Y -sin cx +a sin 2ex +a’ sin 3er +... (a?< 1), where 


u=1-2acos cx +a?, we have 


e since, (^ c |. i J.i 
[5 y ad [alsin cr + a sin 2er +a sin 3cx+...) de 


=3 (+a t ate +...) 


[LeGENDRE, Exercices, vol. ii., p. 123.] 
dz — mv ]l Il+ae~* 


Pru uec WT TE A CMM 2 
2 Show that [ eia 31—a?1—ae~ (a <1) 
1 
" jana >) 
X sin cx a. 1 LP "n 
3. Show that | Maa 7731-3 ae (a <1). 
4. Show that 
da E ]  l-ca*4 (2a — 3a?) e— — 3a? e-** + 8a3e—* (a?<1) 
o Otee 2 (1—a?) (1— ae? j 
5. Show that ry Te ant Fee — Flog (1 -ae) (a*<1), 


sin cx 


La 7 nnn hd... 1 o 2 
I e Oa owen re ee gee wn. 


(AME cx 

6. Show that, | rzalos(2 cos ) de =F log (1-67). 
1 * 2 

7. Show that | ra g(2 sin 3)de=5 log (1-07) 


8. Show that f 16 QE de= mlog(l—4e-) (a?<1) 


or =r log (a-e™) (a?>1). 
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9. From the last example deduce 


ca de r l-e* 
I log tan y ¡7713108 pru 
[GEoRars Brpone, Mém. de Turin, vol. xx.] 


EXAMPLES. 


* dr Y lta 
o @ "(ap 


where u= 1 - 2a cos x +a? and a? < 1. 


1. Show that 


cos T 


bo 


. Show that [= 


3. Show that 
f sin sin nry,27 2A 
0 us 4 (1- 
cosnedx m 1  (1-a?de"?-2a”*! sinh b 
(Bata "Bla? 1 — 2a cosh b+a* 


—— da = r doge D- (n—1)a?) (a? <1). 


dapi D- (n—1)a?) (a?< 1) 


4. Show that L 


logtanz , 7 
5. Show that 142 dx= 3108 tanh e. 
7  cosnÜ 3\" 
6. Show that — ("a 20 49-7 (a) 


7. Show that f^ log (25 — 24 cos 9) dO = 4r log 2. 


sin à di - nog: 


8. Show that (a) f - ü 


5 — 24 cos Y 
7 sin 0 1 1 1 
(b) f (2524 cos 879 —21' Qa) 
" ÜsinÓ T. 3 
0 CRIT. d icf 
sin 0 8-2 
o (6-4 cos 0} 
*sin@sinn@ ,, n(3n+5) r 


9. Show that 


10. Show that 


11. Show that a AT y = gnp . FT 
sin? 0 D 
12. Show that A (53 cos 879 7 gr 


13. Show that là sin pô log u d0 


ee oR lai- p Dey 


1 


z (@ <1) 


l — cos pr 
or Mo al 


20$ 2p 
ACH n 2 
log a? Y ns in (-1)9* le ; (at>1), 


where the term for which »=p is omitted in the summation, p being 
a positive integer. 
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14. Show that 


m 


7 sin pĝ 
[resp abis d- [aa SSP E + BA, 1- (- AMT 


=7 | 


<1) 
the term where n=p being omitted in the summation (Art. aes” 


1159. On the Transition from a Real Value of Æ% to a Complex 


Value of AL in the Formula for | e~*yn-lda. M. SERRET'S 
INVESTIGATION. * 
In establishing the result 


| g-in in-i des ES, (n>0), (Art. 864), 
0 


it was assumed throughout the proof that k was real We 
cannot therefore assume the theorem as still true for complex 
values of k without further investigation. We consider the 


integral * 
g 1=| e- (a -ibr gn- da, where :.=/—1. 
0 


Then Z will be finite if a be positive. 
Since e-(«-:92—6-2* (eos bz--:sin bz) the integral consists of 
two separate integrals, viz. 


| e” cos bz a" dz 4- le sin bz z"- da. 
0 
Let R, $ be respectively the modulus and argument of J. 
Thus o 
Re-| e—(a—0b) x 4n—1 da. 
0 


Let b=a tan ¢, ¢ lying between B and T9! so that 


eo 


R e=] e 4% gx tan $ qnl da. 
0 


Then perge with regard to $, 


log R "EC 

mr a" 2 - «ax tan $ n da, 
Re 3 o La, Sec e eun a" da. 
Integrating by parts, 


e—a b) n 
g^ (a—0)z qn zè 
[+ cen des [us 


and the portion between square brackets vanishes at both 
limits, « being positive. 


g- (1:9) n1 
+ xta], en dæ, 
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a/)0lgER, ob n isos 

Hence Re ( m +155) =a pease ¿Re 
=n(c—tan 9) Re" ; 

. elgR ton se, sell 
Tae n tan $ and zo 


' log &—nlogeos$--logA and =nġ+B, 
where A and B are independent of 4. 


i.e. R=Acos"?, P=nd+B. 
But when ¢ vanishes b=0, and the integral is 
de e-stgn-l da), and $ vanishes. 
0 
Hence B=0 and A= EE ; hence R= = cos”, P=n¢. 
Hence 
_T(n)cos” ¿$ : i T(n) _ Tr) 
I a ESE aea (cos n$ 4- sin nd) —"Pü- ang ad 


So the theorem | ete gn da= 
0 


still holds when k 4s complex, provided the real part a of the 
complex is positive.” 
If n be a fractional quantity, 3 , (a—ıb)” will be susceptible 


of q values and no more, if its argument be unrestricted in 
valye. We must then obtain the argument of (a—.b)" by 
multiplying by n the argument of a—.b taken between the 


" r 7 7r 
limits "E and PE 


1160. We then have the two integrals 
| e”0% cos ba xn d; L0) cos” $ cos np= d $ 


t s (A) 
| e-9* sin bx ar d; 199 cos” $ sin np = Na in” ¢ sin nọ, 
0 
de. | e7993*-16os ba da= A ; COS (n tan 2r 
0 (a?+ b2)? a 
| een sin be da= us. asin (n tan >), 
o (a3-- 52) a 


* See Serret, Calcul Intégral, p. 193. 
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These results (A) arethen so far established on the under- 
standing that a is a positive quantity. 
1161. When a vanishes the integral f. e 3n-1d3 may still 
be finite if n be a positive proper Lotion 
Consider either integral, say [ e-?? sin bæ ar dæ (b, +"). 


This is o to 
(+17 


LESE fet fot . Jess sin bear da. 


(r+1)" 
Let (—1)u,= : ett gin ba x" de, and write titr for x, 


(— yu [e ^i sin (z4-r7) - e e 


55 
=F 


i.e. 


+ 
fas c Minz. (z+rr)”-! dz, 


and the whole integral fe -az sin bx æ”-1dg is made up of such 


terms as this with alternate signs, viz. ps (—1)"u,, i.e. 


=Up— UF t, — ws - ... , 


-which is convergent if a>0, for the terms diminish as r 
increases and are of alternate sign. But in the case when 


a=0, u, becomes ur =l sin z(z+ rr)"-! dz, and when r 


becomes indefinitely large this does not ultimately vanish 
unless n< 1. When this is so, the series 


Up —U FH Ug —Ug +.» 
is convergent, and its sum will be the same as the sum 
Uy —U, + Uy —UgH ++. 
for the value a=0, n< 1. 
For if S =u, —u, +4, —4 +... ad inf., 
S'—w—MY Uy —u Hoey 
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and Sm, S, be the sums of the first m terms and Rm, Bm the 
remainders respectively, 
S=8m+ Rm» S'=S,,+R,,, 
dt. S—8S'=Sim—Sn+FRm—Rmn: 

But S,,—S;,=0 when w=0, and Rm, R,, separately diminish 
indefinitely as m increases indefinitely. Hence S— S'—0 when 
a=0 and 0<n<l. 

Hence formulae (A) become, when a=0, and therefore $—5 , 


P x"-1 cos ba dz — za ) cos“, (B), where n is a posi- 
: tive proper fraction 
| ar sin ba dz—- End sin ^ y (b positive). 
0 


1162. Putting z—2^ and »A- p, we have 


rue 


| 2-1 cos ba dz= cos £ a 
pl AD^ (B), where p «A and 
both are positive 
Ys rO a? (b positive). 
| 2?! gin bz? dz— sin 2™ ED 
y ADA 
1163. Since (mI (1— did Y z» the integrals (B) may be 
written 
1 
n—1 — 
y treu on ES PC 261 (1—ny’ 
o PN CA 
AM E. 1 
i z"-! sin bz dz — 17 TA 
cos -y 


1164. M. Serret points out that the latter integral remains 
finite when n is indefinitely diminished to zero, and that the 
formula then reduces to 


Lr sin bz T 
0 


dx= 


2 D (b positive). 
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1165. If we write 1—n=m, m being a positive proper 
fraction, the formulae (C) take the form 


NT wo AU. 

ev dT mr 21 (m) 

rie sa 0<m<l 
en ye |b positive). (D 

f ir da graj | Č Positivo). (D) 


(b positive). ...(E) 


Putting z—2? in these om 


| cos beds | sin batde= 5 V (b positive); 


and if we put b=3, we have 


r cos des! sin T de=. 
These two integrals are known as Fresnel’s Integrals, and 

will be considered more fully in Art. 1169. 

. The groups of integrals of these articles are due to Euler 
(Calc. Intégral, vol. iv., p. 387, ete.). They are also discussed by 

Laplace, vol. viii., Journal del’ École Polytechnique, p. 244, ete., by 

Legendre, Exercices, p. 367, ete., by Serret, Cale. Intég., p. 193, etc. 


1167. Further Results. 


Returning to formulae (A), viz. 


AES 


Í ep cos bx de= ro) cos" $ cos np, 


re) 2) — cos" o sin n, 


» where b=a tan $, 
f eta sin ba dx — 


0 
and putting n=1, we have the atas results 


ax — a 
y e“ cos bx de= ay z] 


P e~* sin ba dx= 
0 


b 
a? 4- b? 


‘www.rcin.org.pl 


326 CHAPTER XXVIII. 


Again remembering that b=atand, we have b"—a"tan"$, aud 


keeping a constant, 
b" db =a" tan" $ sec?*$ de. 


Hence multiplying the integrals by the sides of this identity, and 
integrating with regard to b from b=0 to b=, and therefore with 


regard to $ from ¢=0 to $-5 , and taking 1>m>0, 


F(n)a™™ [4 sin"-$ cog"7"— o cos np d$ — f f em cos bx de db, 
and 
= © 2 
Taart f sin”!  cog"7"— $ sin np d$ = f if ey AM sin bx de db. 
The right-hand sides of these integrals are respectively (taking n>m), 
F(m) mr f —wn-il(m) . mr 
r eH MA cos -y de and Ane ata, sin > dx 


by formulae (B), 


et Sabah - T'(m) cos "T and rea ) T(m) sin ; 


ar 


1.€. 


whence we obtain 


r 


[à sin" e cos"7"— $ cos np d — Lee e) cos ^- "E T, | n>m, 
, dii. 1>m>0. 
; T(m)T (n—m) .. (G) 


E 
f sin™ ¢ cos"7"— $ sin np d$ = PEUT sin > 
and taking n=m+1, 


- 


Lu sin"-? d cos np d$- 4 sin = 
i (2>n>1). ...... (H) 


4 


1 aT 


) i sin”? sin np dp= a 


Replacing $ by = "TY $ in formulae (H), we derive 


[ y cog"? $ cos n$ dd — 0, 


pi AT! MES CU Pe At IIR A (I) 
ke n—2 i $ d$ = Ey 
Cos $ sinn "i 
that is the formulae (G) still hold pee in the limiting case m 1. 
1168. Since T(m) F(1- —m)=— z formulae (G) may be written 
z A Ha -m) T 
n—m-—1 = a 
sim 1 4 cos $ cos ES sii 9E sw] 
[ sime cos MM $e sin np d$ = Mt! ME. AM (J) 


T() 10 —m) y. ma 
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When m diminishes indefinitely to zero, the limiting form of the first 
of these integrals is infinite. The second takes the limiting form 


i cos?-1 d a DR A (K) 


It will be noted that the integral (K) is vica of n. 
These results are given by M. Serret, Calc. Intég., pp. 199 to 201. 
Differentiating the equations 


T ¿n= eat cog bz da = ene T(n), b 
where r= Na? +0? and ĝ0=tan7! 4, 
sin 220 a 


2 41716799 sin ba dz - T(n), 


with respect to n, we have 


I 41-9? cos bx log x de= «eno dT. er) Tm) _ (einne reni ogr Sota nd Tog -) T (n), 


rn 
dT 9 cos nó — sin n1 
[e sin bz log zdz =." ay, th (Zovend = sin ne TET Din); 


dT (n) 
dn ? 


and eliminating 


pv, l ess | Da) i 
[^ 1 742 sin (n — bx) log = dz — zT (n) ; 


aud if 421, D e-% sin (0 — ba) log = de =f 
where r=NVa?+b? and 6- tan”. 


Also SE could be approximated to by means of the tables for 


log T (n) if required. 
.. These results are due to Legendre ( Exercices, p. 369). 


1169. FRESNEL’s INTEGRALS. 
We have met the integrals 
f cos F ada =|" sin 5 5 T g? dee => 

known as Fresnel's Integrals, in an earlier chapter, viz. in the 
tracing of Cornu's Spiral ks?=y (Art. 560). They are of 
importance in the Theory of Light. Students interested in the 
employment of the integrals in Physical Optics are referred to 
Verdet’s Œuvres, tom. v., or to Preston's Theory of Light, where 
the various methods adopted in the construction of tables for 
their values between limits 0 and v will be found explained at 
length. 
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Preston gives in the form of examples with hints at solution 
a very excellent condensation of the chief results arrived at by 
various investigators—Fresnel, Gilbert, Cauchy, Knockenhauer 
and Cornu (Preston, Theory of Light, pages 220-223). 


1170. We may consider shortly some modes of calculation 
of the more general integral 


[ eos (x) dx, where ¢(%)=A,x"+ A277 4- Agar... 
0 
Take first two near limits, « and a+h, where h is small. 


h h 
Then r cos ¢(x) de—| cos ¢(a+y) dy, by putting e<=a+y, 
a 0 


h 
=| cos(p(a)-+y #(a)}dy nearly, 
0 
since y lies between 0 and h, and is therefore itself small, 
sin{ ¢(a)+h $'(a)) — sin 9 (a) easly 
e (o) [ 

Hence, by taking the limits successively, 0 to h, h to 2h, 

2h to 3h, etc., and adding the results, we may obtain a close 


approximation to IN (x) dx, provided, of course, that (x) 
0 
is such that ¢’(x)=0 has no root between 0 and nh. 
1171. A closer approximation may be made as follows : 


2 
Since F(pty)=F(p)+yF'(p) +5 F"(p)+..., 
we have, by integration between limits ae and 4 


: 2 
197, PU 
MU dy -h F(p) 3 ar F'(n)*z: > Fp) +o. 
5. 
and if F(x) 2 cos q (2), pars and w=p+y, 
h 
ath 3 
| cos a) de= [^ cos Buty) dy 
a +4 


Lit q "M. 
=h cos (u) +3; 1 aus 09 PH) +5 ig os $0). 


=h cos $(p) me [cos $ (p) pp) 4- sin $(«) put.. 


from which result we may proceed as before, taking limits O to À, h to 2h, 
24 to 3h, ete., and adding the several results. 
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1172. Fresnel’s calculations were based in the manner described above 
upon a preliminary consideration of the integrals 


h +h 
T cos = dx, [ sin Te ae, 
where the interval h is so small that its square can be rejected. 
In this case, putting «=v+z, 
AR e . re 
i cos > dx= f cos g 4-2v2) de = = [ sin gU + 2vh) — sin | 
and 
"th rat [ MES 1 T rro? 
Í sin 75- dx= | Sin Pi + 202) dz — - [eos 5 (^ + 20h) — cos = | 


Then taking as intervals Àh— Jp, and making v in succession 0, 45, 45, 
16» «--, the values of the integrals were approximated to. 


1173. The integrals 


mv? . mU E mv? m mui 
[cos dv, [sin x d AFIN cos -y dv, [na 


2 y? 
may each be expressed in the form X cos + y sin 77 , Where X and Y 


are series of ascending powers of v, in integrating from 0 to v; or 
descending powers of v when the integration extends from v to infinity. 
In both cases the integration is performed by “ Parts.” 

In integrating from 0 to v we proceed as follows: 


dE wot rv" . TU 
Í cos = do=| ves || EE vsin > dv, 


SU ires xut 
[ esin F a= [sin 7 i vf cos -y dv, 


[cs dv= [s+ T [ sin a, 


[esa dv= É sin EX "=F [ecos > dn, 
| ete. 
a —7 mé T5 
Hence multiplying by 1, m, ——; 13'13.51.3.5.7 3.5.7.9 ete., 
and adding, 
sT” TE mo. v q^ B NT ariy? bi ] 
[ 555 "TT. L3.5.59 7 
ro? mv Tv! T5pl ] 
¥en “Lie 13:8 7 1.3.5 791. 
2 
=X cos 4 Y sin > NT LLL Lb dee versions (1) 


TT ; . TU 
and proceeding in the same way with f sin 77 dv, 
0 


. TV MEE TV? TT 
[sin de=- Y cos g +X sin E, 
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and the sum of the squares of the integrals (which gives a measure of the 
intensity of illumination in a certain case in Physical Optics*) is X?+ P?, 
It is interesting to note that the series X, Y satisfy the equations 


dX dY 
F^ +rvY=1, - -mv =0, 
: 1d/1d rad 1d/1d à 
2,€. FAF 7) A+mX=- 5 and 6 q) Y +r y=", 


ur | L(g) +712--> (65) *x1r- 


1174. If it be desired to express the integrals with limits v to œ in 
descending powers of v, the integration by parts must be conducted in 
the opposite order, Thus 


J, cos E do [7 3 (av cos av - = sin =I + [ Zion 
[sin Fav | (re sin 7 )do= -apo te] - af acos Tw 
a 1 


TU 


: ak 
racos T do= | za (no eos Te =| = sin 7 pu 


2 w 
Pain Lanz] g (re sin do =[ - Ajo 7 EP TUI 
ete, 
Hence multiplying by 1, 1, -1.3, —1.3.5, +1.3.5.7, etc, and adding, 


T s T(- 178. 1.3: 5.2 ) 
[ «2 v? dv —sin 3 "2g" BEC NS 527 


TG 1.3.5 1.3.5.7.9 _ ) 


+cos — 


mw qv PE rêy! 


2 
; ras Y' sin 2 CO M Medo m (2) 
1.1.3.5 c E cH 
where ni^ mE +etc. and } T 3596 


and similarly T. sin me w= Y’ cos T X’ sin T 


And, as before, the sum A the squares of the integrals is X^ 4- Y ?, 
Also X’, FY’ satisfy the differential equations 


E =mvY’—1, or =—7vX’, 
; 1 d 1dX' syd 1dldy,, y, T 
P vm DES Mi T ep 


1 
v v 
d r a R, d , 
or Lae) +) 0= (a9) «1r 75 
We also obviously have 

v 2 
E cos TZ dv= [ cos 7" de- [ cos T w=- X cos i Ysin T 
* See Preston’s Light. 
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and similarly 


[sin ao- [ sin TP dv- f sin E dv=5+ Y cos T- Xs wit, 

v 9 0 2 0 2 2 
Also 

efe aru? rro? Se da Pee ares Sua a 

Í cos due [^ cos TY do— f cos -z du-5 - A cos ¿+ Y sin >> 
hs y -[ . Tv! L rv" 1 ;. TU F T 

Í sin -y dv= A sin 75- dv— sin 7 dv=5- Y cos 5-— X sin a. 


1175. The expansion (1) in ascending powers of vis due to Knocken- 
hauer.* The expansion (2) in descending powers of vis due to Cauchy.t 

For the student of the Integral Calculus, perhaps the most interesting 
of Mr. Preston's quotations is one which expresses Cauchy's series of the 
last article in the form of definite integrals. These expressions are 
quoted from the investigations of Gilbert, published in the Mémoires 
couronnés de Ü Acad. de Bruxelles, tom. xxxi., p. 1. 


Writing = =u, we have 


x Tv? 1 f“ cosu » ary? “ sinu 
f cos i aeg" - Mrs du, Í sin — y w=- Ter —— du. 
ONE T 


Also Í Cache deat =: 
P f cos => cl eel, Ede] du, 


? (7** cos u 
i o Jo Vz 


or changing the order of integration, which does not alter the limits, 


al foxy Fa 7t cos u de du 
-5f BE ~ comet VM 


L COS U—31IN U 


dea giran 
“wal E de -oos uf MF de+sin uf mua 


i.e. 


du dz, 


du 


va -— 
Now : adn I vtan QdÓ, by putting z—tan 6, 
ATA aA 
d (Vtan 0 4-A/cot 0) d6, 
= by Ex. 8, p. 162, Vol I. 


* Knockenhauer, Die Undulationstheorie des Lichts, p. 36; Preston, Theory 


of Light, p. 220. 
t Cauchy, Comptes Rendus, tom. xv. 534, 573. 
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Hence 
mv? 1 T? 1 E: ion = 1 ute" 
[ o tmm mp i tea iE deno EDS Ru 
and similarly f 
sin TU vl. cos T. A : = ste ee en oe 1 eter 
i 2 n 2 m2 0 1+2 2 7/2 Jo 142 


TV? 
where u= 3 "which express Cauchy’s series X’, Y” in the respective 


definite integral forms 


1 ate ate" 
sdah lee” and r= e —— —- de. 


X= 

1176. Several other interesting relations amongst these integrals are 
given by Mr. Preston, to whose book the reader is referred. 

A table of the values of Fresnel's integrals, as given by Gilbert, is 
quoted in Art. 1177 from Mr. Preston's book. The table is carried up to 
v=5'0. The oscillatory character of the results is exhibited in the graph 
of the Cornu Spiral in Art. 560. I 


1177. GinBERT's TABLES or FRESNEL'S INTEGRALS. Quoted from 


Preston's T'heory of Light. 


(v v 2 v 2 v 
v 1 cos n dv Í sin 21 dv v Í cos > dv Í sin = dv 
0:0 0:0000 0:0000 2°6 0°3389 0°5500 
01 0:0999 0:0005 27 0:3926 0:4529 
0'2 0:1999 0:0042 2'8 0:4675 0:3915 
0:3 0:2994 0:014 2:9 0:5624 0:4102 
ož 0:3975 0:0334 3:0 0°6057 0:4963 
0:5 0:4923 0:0647 31 0:5616 0:5818 
06 0:5811 0:1105 3:2 0:4663 0:5933 
07 0:6597 0:1721 3:3 0:4057 0:5193 
0:8 0:7230 0:2493 3:4 0:4385 0:4297 
0:9 07648 0:3398 35 0:5326 0:4153 
1:0 077799 04383 3:6 0:5880 0:4923 
I 0:7638 0:5365 37 0:5419 0:5750 
12 0°7154 0°6234 3:8 0:4481 0:5656 
1:3 0:6386 0:6863 3:9 0:4223 0:4752 
1:4 0:5431 0:7135 40 0:4984 0:4205 
15 0:4453 0:6975 4'l 0:5737 0:4758 
16 0°3655 0:6383 4'2 0:5417 0:5632 
I 0:3238 0:5492 43 0:4494 0:5540 
1:8 03363 0:4509 44 0:4383 0:4623 
= 0°3945 0:3734 4'5 0:5258 0:4342 
2°0 0:4883 0:3434 4*6 0:5672 0:5162 
S'E 0:5814 0:3743 4'7 0:4914 0:5669 
2'2 0:6362 0:4556 4'8 0:4338 0:4968 
9:3 0:6268 0:5525 4'9 0:5002 0:4351 
9:4 0°5550 0°6197 5:0 0:5636 0:4992 
9:5 0°4574 0°6192 00 0:5000 0:5000 
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1178. Soldner’s Function. 
The integral ye|. Res 
is denoted by the symbol li(z), which is Soldner's original 
notation. The letters li are suggested by the phrase 
‘logarithm-integral.’ 

It is obvious that the integrand has an infinity when «=1. 
Hence, in accordance with the theory of Principal Values 
(Chapter IX.), when the upper limit is greater than unity, we 
shall understand this integration to mean » 


Lte) +f) rss 


where e, y are made to diminish indefinitely in a ratio of 
equality. 


is known as Soldner's Integral. It 


1179. Properties of the Function. 


d ,. 1 
It follows that ace. Hence 


dim meer am dg : 
g, le Tie log a” ae etm log (a+ ba) 
e d v MO —e-* N us 
Laie )= e ok agit )!-lge*^ zr 
d à ete eter . COS x 
qe ime DT err Jp i (sin e) eine 


Hence conversely we may express certain integrals in terms of a 
. Soldner's function, viz. 


[Ge =li(v™#")+C, or between limits Lit =li(a”+1) —li(b"+1), 


_li(a+bx) de platted Mata 
Ln Criar poate or between limits I Idiot)" arD 


[Sac  =ti(e+0, ie [ de= iio) ric) and so on 
E las = , . Us > x "E , LJ 


1180. To enable the arithmetical calculations of such results to be made, 
Soldner constructed a table of the values of li(z) to seven decimal places 
for values of x, from «= 00 to -=1'00, at the latter of which the function 
is infinite, the values being negative ; and a further table of the values 
of liz, giving the values to seven places, for z—1, 1'1, 1'2, 1:3, 1°4, which 
are negative, and 1'5, 1:6, ..., 2, 2:5, 3, 4, 5, ..., 20, which are positive, 
and at certain intervals from 22 to 1220, all taken to eight significant 
figures. 
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It is unnecessary to give the tableshere. They will be found reproduced 
in De Morgan’s Diff. and Int. Calculus, pages 662 and 663. A few extracts 
from these tables will indicate the shape of the graph : 


z li (x) (-) x li (z) (—) x li (x) (—) 


i 1:0 
05 013 “70 781 IU 1:676 
10 032 :80 1134 12 0:934 
15 056 '90 1776 r3 0:480 
20 085 95 2°444 l4 0:145 
25 119 '98 3:345 
30 157 à '99 4:033 
40 "253 1:00 oo 
50 :379 
z z li (2) (+) 
15 20°0 9°905 
16 30°0 | 13:023 
1:8 40'0 | 15:840 
2:0 100°0 | 30:126 
2:5 200°0 | 50:192 
30 400°0 | 854 
40 600 |117°6 
50 1040 |183:4 
10:0 1920 | 217°4 


The march of the function can then be seen to be as represented by the 
accompanying graph. 


I 
ce 


Me Ee 
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1181. Method of Computation. 
We proceed to show how these values were computed. 


It will be seen that, by putting =eY or «=e?, m integral Le kee 


co log 
can be thrown into the forms — | ov or [te i 
—loga Y -o i 
Now, so long as » is greater than zero, we have by expansion 


SEE Uu do r x a f 
{+ lg *do- [ um Cena) 


OM PEE CTS 
where C'is to be found. The series is convergent for all positive values 
of v and does not become infinite with v. Also, when v=0, the value of 
the integral is F(n). Hence ig " (n). 

n+l n42 
itii f- ATATA GF Gat 
This may be arranged as 
l m-l y vn 


[ 4te*tás- DO) i-— Emo ism 
QLIik1)-1 £p 
eerie WEM 


n. - 
Now,if we make n diminish indefinitely, HS — log v, and prin 


is the limit, when 2=0, of a ah for the value z— 1, i.e. 


[ 2r]. or TA, 


or as T'(1)=1, this is the same as [ 2 tog ro]. , ŭe. — y, where y is 
Euler’s Coustant. 
Hence [* de= -y- lgv-i-q-3 3; 3 3] "^ seriis ea M 


Hence we ves putting v—log a, 


¡(Q_ gT loga , (loga) (logaY 
i($)=- ML. i: da — y log (log a) - 1 "L*:93--3.3:) ^" d 


Again, by marea 


d log ay loga- log a)? — 
- ug de= =log( TES 289), S A i ARM (a 1) 


mut NM PE, a 
and [Cao =y+log n- itz aT 
and upon addition, diminishing e and y indefinitely in a ratio of equality, 
the Principal Value of li(a) is given by 


li(a) — -| Gas A E dx, where e=y=0, 


=y +log (log a) + 283 Gogo}, Copal»... tre Le PI (©) 
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As there is manifest discontinuity when a=1, and the Principal Value is 
taken in integrating over the discontinuity in the second case, formula (C) 


will not be derivable from formula (B) by putting for a in the former. 


It will be observed, however, that the two series then only differ by 
log ( — 1), which is the effect of the discontinuity. 
By means of the expansion of 


de 1 1 
log(i+2) x. 27,2 
l-5t3--- 


=0 14 K + Kast Kg 4 Ke +..., 
where the coefficients may be calculated either by actual division or by 
multiplying up by (1 -5+ 23. and equating coefficients, giving 
K=} K=- K,-45 K.——4 5 Kid Ke= -aiso eto. 


we have, a «1, 


: —7* d; Tors d F ' 
ii1-a)- f oz". Tag (hea) = e£ a- Kia 1) 4G 1) -ete ; 


and by Art. 944, putting e-8— v, 


^ do ^ do 
y =1tomx f f foes} 


= Lís-1 (li b — log (1 — 5)) = Lta=0 {li (1 — a) - log a} = K, — = - M 
whence li(1-a) e y-loga - Ka+ ge .... Toe T (D) 
l+a de dz 
Again li(1-4-«)- Prin. Val. of fy bes Lii 


€" * 
; -n- f. il pre 
= Lte=0 [(y + log e - K,e+$K2e? —...) 
+ (log a — log e+K,(a-e)+34K,(02-)+...)]; 
2 
J li (1+a)=y+loga+K;a +K, 5 4... FY rtu ak. (E) 
Also, by Taylor's Theorem, 
li (a 4- 2) —li (a) 4- x(log a+ 1 (log a)- e. rt ga d" (log a)- ET EG 
Other results will be found in De Morgan's Differential and Int. Calc., 
pages 660 to 664. By aid of these series Soldner calculated the numerical 
a 
values of the table for the function li (a) = f cz 
o 108 Y 


We may therefore now regard such functions as 
1 4" E coshz e” 


log’ lgz' a2’ x ' x+a 
as integrable i in terms of Soldner’s function, and therefore their integrals 


calculable by means of his table, for assigned values of the limits. 


—— , ete, 
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1182. FrULLANI'S THEOREM: ELLIOTT'S AND LEUDESDORF'S 
EXTENSIONS. 

Suppose Z'(xy) a function of the product xy of the coordinates 
of a point in the plane of z, y lying in the region bounded by 
the y-axis, an ordinate at infinity and the two straight lines 
y=a and y —b parallel to the a-axis. Let a and b be supposed 
of the same sign. Let F(z) and F(z), where z=«y, be finite 
and continuous functions for all points in this region and also 
along the boundaries. 

Suppose also that F(xy) takes definite finite values at 


«=0 and at «= from the value y =b to y=a inclusive, and 
y | 


x 


A 


B 


E 


O 
Fig. 339. 


denote them by 7(0) and F(o ) respectively. Consider the 
surface integral of F'(xy) over this region. This is expressed by 


b f F'(xy) de dy, or, what is the same thing, |: E F'(xy) dy da. 
0 


The first form of the integral is 
-[— HB ds-| F(ux)— Foo) q, 
The second form of the integral is 
a E (wy) - TA 
ld | -rof 2 
[Edy Ure) rox, 


=[F(x )—F(0)] log. 


Hence it appears that 


f POD FOP ty = [ (20 O (1) 
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Similarly, if we integrate over the region bounded by 
e=—0, 2=0, y=a, y=), 
we obtain in the same manner 


f Pan) P099, Ur(9) — F(— » )] log (2) 
provided F(xy) takes a definite value F(—o) at x= —o. 
In cases where F(œ )=0 or F(0)=0 the theorem takes the 


k Paz) HO» q F9) log? or F(x) log? 


simpler forms 


44) 


respectively. 


1183. We may examine these results from another point 
of view. 


Then, putting az= y E em. 


sf ECD- Ogy 
Jo a í y 
^ F(y)—. 

y 


FO ay. and is therefore independent of a. 


0 


and u= | 
h E 
ipli i 
0 x 0 c 


h h h 
De f F(be) q, f F(ba) y, f FO) on. 
o0 « h % o Y 
b 


A h h 
Therefore f PERET da ¡202 dæ= F (0) IS 
0 h h 
b b 
—F(0) log z il 


ER] dos. both. limite 


Now, in the second integral, viz. [^ 


become infinite, when h is indefinitely TOMBE but they are 


separated by an infinite interval Ape a —^ Hence it 


cannot be assumed that this integral vanishes, and it must be 
investigated in each case. 

If, however, F'(bx) tends to take a definite finite value F(w ) 
when z is increased indefinitely, let its value between the 


limits 7 and — i z P? called F(»)4-e where e is ultimately an 


www.rcin.org.pl 


FRULLANI’S THEOREM. 339 


infinitesimal, and let e, and e, be tne greatest and least values of e 


h 


h 
for values of x between : and am Thus f ze da lies between 
b 


(F(vo)2- «) log? and (F(«)+e,) log : 


and therefore in the limit becomes 7'(oc ) log?, and the theorem 
becomes 


AAA asc [F(x )—F(0)] log”. 
0 a b 


But supposing F(bz) not to take up a definite limiting 
value such as has been described, it may still happen that 


h 
Ls. [^ rM dæ assumes a definite value — K, or it may vanish. 
b 


? F(ax)— F (bz) ER 
x 


0 


In the former case | K—F(0) log. 


In the latter case | Henn da: — F(0) log?. 
0 


The formula | POD Fo) de= toy log? is known as 
0 


Frullani's Theorem. According to Dr. Williamson it was 
communicated by Frullani to Plana in 1821, and subsequently 
published in Mem. del. Soc. Ital., 1828. 

The more general form 


[ AO) ao Unos )— F()] log 

4 x b 

is due to Prof. E. B. Elliott (Educational Times, 1875).* 
1184. As examples we may take 


| ? tanTlax —tan— bar 
0 x 


E dx=(tan”lo —tan-^!0) log i = 3 log y 


gt Rud ete (og ip ¿-108(1+1) b 
2. J log 5 ge z Ug» log (p +q)t log ¿=108 its log 7 


These two examples are given by Bertrand, but arrived at in a different 
manner. 


* Both references are due to Prof. Williamson, pages xi and 156, Int. Calc, 
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Now, consider the integral [ac]—[bc]- [ad]--[bd], or, as it may be 
written for short, [(a—6)(c—d)]. 
By two applications of the above theorem this becomes 


LF t50e, ey) - 8 (os ey) - Baz, dy) +8 (be, dy) 
=f” (@-A)S(@, 09) -8(0, a - [Ta Bt8(o, dy) - #0, nt 
0 ' E 


-(- 5f. (8t, e) -8(e, dy 1L-(a- E) [7 18(0, «) 80. apt 


=(0— B)(y -9)[S(, 0o)-S(o, 0)] -(«- B)(y - 90S(9, «)—- S(0, 0)], 
and as S is a symmetric function S (o, 0)=8(0, œ). 

Hence, we obtain 

l(a- B)(y - [S (* , ) - 28 (%2, 0)-- S(0, 0)], 

which, for short, may be written (a — B)(y-8)8(w —0)*. 

Hence, the extension to a double integral may be written 

[(a — b) (c - d)] — S(» — 0)*(« — B)Cy - 8). 

In the papers cited, the result is extended to multiple integrals of a 
higher order. The student should have no difficulty in doing this for 
himself. 


1189. On the Transition from Real Constants to Complex Con- 
stants in Results of Differentiation and Integration. 

Let us premise that, in the remarks following, the variable is a real 
one, viz. x, that the path of integration is along a portion of the z-axis, 
that the limits of any integrals occurring are real quantities, and that 
the constants occurring are independent of the limits; also that 
the functions dealt with are finite and continuous, and such as to 
possess differential coefficients. 


1190. Lemma I. 

Let u, and uz be two real functions of x which continually approach to 
and ultimately differ by less than any assignable quantities from definite 

.limiting values v, and v, respectively as x continually approaches a 

definite value a. We may then put u,=0,+€, and 4,—v, 4- &, where €, 
and e, are quantities which ultimately vanish when x approaches 
indefinitely closely to a, so that &--:€ also ultimately vanishes, where 
t stands for 4/ — 1. 

Then Uy + Ug =V + t4 + € + lég 
and Lt (Uy + 443) = v4 + wg + Lt (6, + te) =0, +00, — Lt u, +1 Lt ug. 

1191. Lemma II. 


If, upon putting x+h for x, u, and uz take the values U, and U, respec- 
tively, it follows that w,+ uw, takes the value U;--«U;, and therefore 


Is (Ui+ HR — (Uy 4- cus) «t e UW my Us Ug 


, 


i.e. 4. (un + tue) =m + de 
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Hence, when a function of z containing a complex constant p 4- «q, but no 
other unreal quantity, can. be separated into its real and imaginary parts as 


F(z, pu) Fi, 2 q)++F; (2, P, 9) 
d d d 
then d; T (5 P 4) 7; Palo, p, d) +1 37 Foo, p, 9). 


1192. It has been desirable to consider these results in detail, though 
they might be thought obvious. For in our idea of a limit we have 
had constantly in mind some real quantitative arithmetical or algebraical 
result from which the function under consideration could be made to 
differ by less than any assignable real quantity by making the variable 
approach nearer and nearer to its assigned value; and it has not hitherto 
been necessary to consider the case where the function involves unreal 
constants. 

1193. It is well known that the separation of a complex function into 
its real and imaginary parts can be effected in all the ordinary cases when 
the function is of algebraic, exponential, logarithmie, circular or hyper- 
bolic or inverse circular or inverse hyperbolic form, such as 

(2+:)", (ptiq)**", art, log (p--tg), sin (p+:g), tan-!(p--i), etc., 
as well as in any combination of such functions. 

Lemma III. If F(z) be any function of z expressible as a power series 
with real coefficients, viz. F(z)=2A,2", with radius of convergency p, then 
F(p4ig)-ZAQ(p4ig)^ -EA,r^e9, where r=Vp?+g*< p, 0—tan^!g[p 

=X +4Y, say, 
where X=2A,1”cosn9, Y=ZA,r"sinnO, and both these series are 
convergent if ZA," be convergent, and then X +Y is convergent. 

We then have X -iY - ZA,r^e^ "* - ZA,(p —ig)^ - F(p —«q). 

The separation into real and imaginary parts is then effected by addition 
and subtraction of the equations 

X+Y=F(p+) X-wY-F(p-i9) 
giving 2X=F(p+ig)+F(p—q), 2Y=F(p+:)-F(p- 1). 


1194. Lemma IV. 
When F(z, p+:q) can be thus separated into real and unreal parts, as 
F(x, ptig)=Fi(2, D, qM Uy, P, d), 
F, and F,, besides containing v, may be regarded as conjugate functions 
of p and q, and therefore 
OF, OF, OF, OF, 
Op a q ~~ Op 
and differentiating with regard to 2, 
d /dF,\ O/dF,\ 9 (dF; O (dF, 
865-305) DE 
dF, 


.. ak, : ‘ 4 
i.e. Tr and Te ore also conjugate functions of p and q; 
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Now, consider the integral [ac]—[bc]— [ad]--[bd], or, as it may be 
written for short, [(a — b)(c — d)]. 
By two applications of the above theorem this becomes 


[Tf 8s ey) - 8€ ey) - Sar, dy) +8(be, dp OU 
- f (a-A){8(@, ev) -8(0, 11% - f (a-A){S(2, dy)-800, dy) Y 


-Af (Ate, cy) - S(o, 41 -«- p f [8(0, cy) — S (0, ayy 


=(a—)(y—8)[8(~, 2)-8(o, 0)] —(a- B)(y -8)18(0, ~)-S(, 0)], 
and as S is a symmetric function S(w, 0)=8(0, œ). 

Hence, we obtain 

(a. — B)Gy - 8) [S (2, ) - 28 (, 0) - (0, 0)], 

which, for short, may be written (a — B)(y -8)8(w —0)*. 

Hence, the extension to a double integral may be written 

[(a - b) (c - d)]  S(« —0)*(a— B)Cy - 8). 

In the papers cited, the result is extended to multiple integrals of a 
higher order. The student should have no difficulty in doing this for 
himself. 


1189. On the Transition from Real Constants to Complex Con- 
stants in Results of Differentiation and Integration. 

Let us premise that, in the remarks following, the variable is a real 
one, viz, z, that the path of integration is along a portion of the x-axis, 
that the limits of any integrals occurring are real quantities, and that 
the constants occurring are independent of the limits; also that 
the functions dealt with are finite and continuous, and such as to 
possess differential coefficients, 


1190. Lemma I. 

Let v, and uz, be two real functions of x which continually approach to 
and ultimately differ by less than any assignable quantities from definite 
limiting values v, and v, respectively as 2 continually approaches a 
definite value a. We may then put u,—9,-- «, and w,—7v,-- €, Where €, 
and e, are quantities which ultimately vanish when v approaches 
indefinitely closely to a, so that €;4-:€, also ultimately vanishes, where 
t stands for 4/ — 1. 

Then Uy + Ug — V, + 10, + € + Lee 
and Lt (Uy + 0g) = v; + wg + Lt (e, tte) = 0, + 4 = Lt + Lt ug. 

1191. Lemma II. 

If, upon putting x+h for v, u, and uz take the values U, and U, respec- 
tively, it follows that u, +t, takes the value U,+:U,, and therefore 


Ia, aT (wet oo tg D t eL a 


i.e. (ta +g) = >, 


www.rcin.org.pl 


TRANSITION TO COMPLEX CONSTANTS. 345 


1196. As examples of these facts, let us consider 


(1) the differentiation of 2P+%, where p and q are here, as always, real. 
We have 


= pu = x (x? e«qlog z) = E [xP (cos (q log 2) ++ sin (q log x)}] 
= ei [«?{cos (q log z))] + a [z^ (sin (q log x))], by Lemma II., 
= [ par cos (q log x) +a2( - 2) sin (q log 2) | 


+: | pa?-tsin (q log x) + cd Gs j cos (q log a) | 
— (p 4 iq) a? [cos (q log x) ++ sin (q log 2)] — (p 4-«g) x? tet 82 
=(p+ughartar}, 


as might be expected from the principle of permanence of form stated 
above. 


Hence the rule de x"=nx""1 holds whether n be real or complex, 
PtH 
pq! 


Conversely, | a? tal dy — 
"n 
and therefore the rule for integration, viz. Í T gil dx ==, also holds 
whether the index n be real or complex. " 


d 
i — gat 
(2) Consider j; ^ : 


This is ha e?* lo 4 [cos (ga log a) +1 sin (qx log a)] 


d d : 
- pz 108 cos (qx log a)+e ds ePt log 4 gin (qx log a) 


=(p +19) log ae?* 8 ^ [cos (gx log a) +: sin (gz log a)] 
=(p+:q) loga. aPEDE 


which is the ordinary rule for differentiating a”* when x is real. 


d 
Hence a a^* —n]loga.a"* whether n be real or complex, and conversely 


nx 
| anz de= — — whether n be real or complex. 
nlog a 


(3) Consider © ogy tus, 


d loge | 1 1 1 


t.e. de log. ( ptq) log, ( p+:q) ds log z— 7. log. (p +q)’ 


T . , d jun 

which is again the ordinary rule for d; gar, viz.» row 
; d ds ree 

(4) Consider det Pene 

Let tan^! 


=X -—.Y, and therefore tan”! zX-Y. 
ns q P= a 
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Qe: x which is equal to =i Hh uu besides involving v, involves p and 
q as a function of p--«q, and z $(v, p 4-4), say. 

It might be said that this also is a self-evident fact arising from tbe 
principle that the process of differentiation with regard to v takes no 
cognisance of the particular values of any constants involved. But as our 
experience of this fact is based upon the behaviour of functions containing 
only real constants, it is desirable at this stage to make this point also 
clear and to establish it explicitly. 


We have then A F(a, p++) of the form (x, p+:q) for all real values 


of x, p and q, and we have to identify the form of this function ¢. 

Now the form of a function is merely a means of defining the particular 
manner in which the several variables and constants are involved in its 
construction, and is independent of any particular values assignable to 
those variables and constants. 

Suppose then that it has been discovered in the case of a real constant 


p that ze F(x, p) takes the form f(x, p), a known form say, for all values 
of x and p; then since, when q—0 we also have EF, p)=(x, p) for 


all values of v and p, we must have ¢(2, p)=f(x, p); that is, the form 
of the function ¢ is identified as being the same functional form as that 
obtained in the differentiation of F(x, p) for a real value of p. 


1195. It is assumed in what precedes that we are dealing with a function 
F(x, p) which is continuous and finite for the whole of some range of 
values of z within which z lies, whatever real value p may have, and that 
the differentiation of F with regard to v is a possible operation; and 
that these suppositions will not be affected if we change p to pq. 
Further, that F, and F, are continuous and finite functions of x for the 
same range, and that differentiation with regard to x, p or q is a possible 
operation. Under these cireumstances we may infer that if 


£y (2, p) f (o, p), 
where p is a real constant, we shall also have a result of the same form 
when p is a complex constant. 

If then it be distinctly understood that the definition of integration 
used is that it is the reversal of the operation of differentiation, i.e. the dis- 
covery of a function F(x, p--«q), which upon differentiation with regard 
to v shall give rise to a stated result f(x, p--«q), it will follow under the 


limitations stated above, that if | f(x, p)\dx=F(a, p), where p is a real 


constant, we shall also have | f(x, p+1q)dx=F (x, p+1q), where p+:q 


is a complex constant, and the integrals being indefinite a real arbitrary 
constant C may be supposed added in the first case, and a complex 
arbitrary constant C, --«C, in the second. 
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In the general theory of Definite Integrals, i.e. of those integrals 
between certain specified limits whose values may be sometimes found, 
as has been seen in the last three chapters, without any knowledge of the 
function which forms the indefinite integral, the indefinite integral is an 
unknown function of x, generally not capable of expression in finite terms 
by means of any of the known ordinary Algebraic, Exponential or 
Logarithmic, Circular, Hyperbolic or Inverse Functions. 


1198. If then f(x, c) be the known or unknown function of z, whose 
differential coefficient with regard to x is F(x, c), we have 


[ Fe 9as-| res 9 | of, 9-10, )=X(a, b, e) say, 


and the two definitions, viz. that of inverse differentiation and that of 
summation, agree except in the case where F(x, c) assumes an infinite 
value or becomes discontinuous between the limits =a and r=b, and 
this will hold when c is changed to any other value, say c’, so long as 
such change does not make F(x, c' become infinite or discontinuous for 
any value of x lying between z—« and x—b, or at either limit. 

It will follow that whichever definition may have been used in obtaining 
a specific result such as 


je F(x, c) dz — (a, b, o), 
b 


where c is real, that result will still hold wnder certain conditions when a 
complex p++g is substituted for c, that is, 


Í F(x, p+1g)dx= x (a, b, p+:9), 


that is, provided that none of the stipulations with regard to F and x have 
been violated by the transformation. 

This entails that F(z, c) shall be finite and continuous for all values of 
x from x—b to «=a inclusive. 

That F(x, p--tq) shall be separable into real and imaginary parts as 


Fi (2, p, +P o(a, p, 9). 

That when this separation has been effected both (v, p, q) and 
F (x, p, q) shall be finite and continuous functions of x for all values of c 
from «=b to x—a inclusive. 

That x(a, b, p+:q) is likewise separable into real and imaginary parts 
X1 (a, b, p, q) and Xa(a, b, p, q). 

That when any convergent infinite series has been used, or its use in 
any way implied in the establishment of the primary result 


[ Pz, e)dx= x (a, b, c), 


or in the separation of F(x, p -- tq), x (a, b, p 4-tq) into their respective real 
and imaginary parts, the convergency shall remain unaffected by the 
substitution of p+cq for the real constant c for all values of x from «=b 
to =q inclusive; and further, that when this convergency holds only 
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2px 2qx 

= 1 m PS. 

Then 2X =tan!— z a 2Y=tanh > giri 
dX dl pli pg-a 


ado de de PtP pe (phe giat ge 
But since 
(p^ t g* — 2°)? + Apa! =(p* +g? +22)? — Agfa? — (p* — g? +02)? + pa, 
dua Z _Plp +g? +2*) ul(p +9? 2?) 
we have NT E (pi- gez + apg? 
Pym Sa!) ad o —— ptg — 
Kp- oz] (pg) Ha 
That is, the ordinary rule for differentiating 
x c 1 E a 
tano, vız. Len app 
holds whether a be real or complex. 


It also follows that | ats -lunf holds whether a be real or 
dr a a 
complex. 
(5) Similarly, we might go on to discuss the other standard cases. The 


student may verify these for himself. 


1197. Essential Difference in the Two Definitions of Integration. 

Now the summation definition of integration loses its meaning when 
the integrand becomes infinite or discontinuous between or at the limits 
of integration. Let z—c be a value of z at which the integrand becomes 
infinite or discontinuous. Then, if the integrand be regarded as the 
differential coefficient of some function of x, say y, there is a discontinuity 
in the value of dy/dx for the value »—c. And to interpret the summation 
definition it has been seen in Chapter IX. how Cauchy has given a new 


a 
summation definition of | ( )da, viz. the limit of the summation 
6 


[Code fC date, 


where e and y are to be diminished indefinitely in a ratio of equality, 
obtaining what Cauchy calls the Principal Value of the Integral. In 
this way the discontinuity itself is avoided. It is approached indefinitely 
closely from opposite sides, but the discontinuous element is omitted. 


Thus a geometrical meaning is given to the symbol Í v )dz, which, from 
b 


the summation definition, would be otherwise meaningless. But regarding 
the integrand as the differential coefficient of the function y, the dis- 
continuity itself is an essential characteristic of that function. Hence the 
two definitions do not agree if such points as the one under consideration 
occur within the range of integration. But it has been seen earlier that 
in the absence of such cases occurring between the limits of integration, 
there is agreement between the two definitions. 
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In the general theory of Definite Integrals, i.e. of those integrals 
between certain specified limits whose values may be sometimes found, 
as has been seen in the last three chapters, without any knowledge of the 
function which forms the indefinite integral, the indefinite integral is an 
unknown function of z, generally not capable of expression in finite terms 
by means of any of the known ordinary Algebraic, Exponential or 
Logarithmic, Circular, Hyperbolic or Inverse Functions. 


1198. If then f(x, c) be the known or unknown function of z, whose 
differential coefficient with regard to x is F(a, c), we have 


[ fe 39as- [€ 9 [ =$a, 0)-F0, 09 x(, b 9) say, 


and the two definitions, viz. that of inverse differentiation and that of 
summation, agree except in the case where F(z, c) assumes an infinite 
value or becomes discontinuous between the limits z—a and w=), and 
this will hold when c is changed to any other value, say c', so long as 
such change does not make F(z, c) become infinite or discontinuous for 
any value of x lying between z—a and z—b, or at either limit. 

It will follow that whichever definition may have been used in obtaining 
a specific result such as 


fi F(x, c)dz — x (a, b, o), 


where c is real, that result will still hold under certain conditions when a 
complex p+:g is substituted for c, that is, 


[ Fe 2-«9dz- xt b, p+:9), 


that is, provided that none of the stipulations with regard to F and x have 
been violated by the transformation. 

This entails that F(z, c) shall be finite and continuous for all values of 
x from x—b to «=a inclusive. 

That F(x, p+:q) shall be separable into real and imaginary parts as 


Filz, p, Y - Fs(o, p, 9). 

That when this separation has been effected both F,(w, p, q) and 
F (x, p, q) shall be finite and continuous functions of x for all values of c 
from z-— b to x—a inclusive. 

That x(a, b, p+1q) is likewise separable into real and imaginary parts 
xi (a, b, p, q) and X2(a, b, p. q). 

That when any convergent infinite series has been used, or its use in 
any way implied in the establishment of the primary result 


[ Fe, 9dz- xta, b, o) 


or in the separation of F(x, p++q), x (a, b, p+:q) into their respective real 
and imaginary parts, the convergency shall remain unaffected by the 
substitution of p--«q for the real constant c for all values of x from v=b 
to =a inclusive; and further, that when this convergency holds only 
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within definite limits of the values of p and q, the truth of the permanence . 
of form of the result can only be inferred between such limits. 

That the path of the original integration for values of z from a point 
x=b to a point z=a along the z-axis shall not have been altered in any 
way by the proposed change from a real constant ¢ to a complex constant 
p+. 

With such stipulations, we therefore have 


[| iis D+ Fes p, 9) de xia, b, p, g) +ixala b, ps 9), 


whence Í F(z, p, q) dz — x(a, b, p, 9); | F(x, p, 9) dx = x(a, b, p, q). 


1199. If F(x, c) and x(a, b, c) be such that Í j F(x, c) dx= (a, b, c) for 
b 


all real values of c, and that F(x, c) is developable as a series of positive 
integral powers of ¢ uniformly and unconditionally convergent between 


specific values of c, for all values of v from b to a, so that Í 3 F(x, c) dz is 
b 


capable of term by term integration, and is also developable in a like con- 
vergent series, and if x(a, b, c) be also developable in a series of positive 
integral powers of c convergent for a specific range of values of c, the 


coefficients of like powers of c in Í j F(x, c) dv and x(a, b, c) are equal for 
b 


all values of c for which each series is convergent. And provided that 
this convergency remains in both series when we substitute a complex 


value p+:q for c, the equality of [Fe p-Fiq)dx and x(a, b, p+:q) will 
b 


still hold good for such values of p and q as do not disturb that con- 
vergency and do not cause F to assume an infinite or discontinuous value 
for a.fy value of » between b and a. 

If it be proposed to conduct the transition from c to p--tq by a pre- 


liminary change to p--q, we have [Fe p+q)dx= x(a, b, p+q); and if 
b 


expansions of F(x, p+q) and x(a, b, p--q) be possible in series of integral 
powers of g, each uniformly convergent between specific limits of g, the 


coefficients of like powers of q in the expansions of Í "F(a, pt+q)d« and 
b 


x(a, b, p+q) will be equal, and therefore, provided the convergency of 
these series be maintained when a change from q to ıq is made in them, 
and provided also that such changes have not caused F to assume an infinite 
or discontinuous value for any value of x between z—b and x=a, we 
may infer that the transition to the complex p+ q is legitimate. 


1200. In the use of the method the precautions necessary before the 
results obtained can be accepted as rigorously established, are somewhat 
irksome, and this has caused mathematicians to look askauce at the 
process, In fact it has become usual to regard it as a method of 
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suggestion of new integrals to be verified by other methods rather than 
as a mode of investigation. For instance, De Morgan remarks: “It isa 
matter of sone difficulty to say how far this practice may be carried, it 
being most certain that there is an extensive class of cases in which it is 
allowable, and as extensive a class in which either the transformation, or 
neglect of some essential modification incident to the manner of doing it, 
leads to positive error. It is also certain that the line which separates 
the first and second class has not been distinctly drawn.” 

De Morgan, after citing several instances of the success of the method, 


f 4 bic E: un T 
gives as one of failure, the case of f 17 gts ltan «\=3 


By putting y */ — 1 in place of z, he obtains [ iza-J-i[ s and 


remarks concerning this that it is *an equation which we cannot either 
affirm or deny, since the subject of integration in the second side becomes 
infinite between the limits." 

We may, however, note with regard to this, that it apparently escaped 
De Morgan that having put z—«/—1y, the range of values of y over 
which the integration is assumed to be conducted is not a range of real 
values, as was the case in the integration for the range of real values of x 


from O too. In fact y ranges from T to Tr corresponding to the 


real range of v from 0 to «o; and all the values through which y passes in 
this range are imaginaries, so that y never passes through the value 1 at 
all, and therefore the subject of integration never becomes infinite as De 


j ; k 
Morgan asserts. Asa matter of fact, if we write J-T for the upper limit, 


k 
vr deii v3 1 1 ^^ Al v 
Í 1 =3/ dt L=y t33)27 3! 981—, 


ARA ¡QT 

Log TIN T , and when £ is œ 
peer 
4-1 k 4-1 


-ilog(- 1) =5 log [cos (2n — I) --csin (22 — 1)7] 


(2n —1)7 = 


1 (2n — 1)m, 
=p loge me TEM 


where n is an integer. 
k 


P apes E T : 
Hence /—1 yi has one of the values of — (2n — DET where n is 
an integer. The ia n=0 ona the particular value 5 5» Which we have 


assigned to the left side, viz. LE A P 
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oy if in the formula E ine [37 tani cx, € be replaced by ¿c, we have 


a qa -Ltanh-tez. Both the right-hand side and the integrand 
become œ x r-c during the march of x from 0 to o. Therefore, with 
those limits, the change proposed is inadmissible. We defer the con- 
sideration of the use of a complex variable to the next chapter. And it 
is to be understood in all the remarks made in course of this discussion, 
that the march of the variable between its limits is not to be interfered 
with by the substitution of a complex constant for a real one, Ze. that 
the change of c to p--«q is not supposed to be one which can be brought 
about by a change in the variable, as is done in the case cited. 


ILLUSTRATIONS. 
n 
1201. (1) Taking side=% , write n=a+tb. 


Then [asit iae) [Art. 1196 0) 


i.e. | a9 (cos (b log z) ++ sin (blog z)) dx 

— [z^ cos (b log x) + +2% sin (b log x)] (a — «5)/(a? + b?) ; 
whence, writing =e", 
[^ cos b dO =e ZCS ot age bg. 0 sin bdg — 49 2 51n ER b0 à; 
which are the well-known results proved elsewhere without the use of 
complex values. 


b b 
(2) In the integral 1= [E =, ,"| bog (e+e) || =log Ho 


1 1 Baap 4 4-q cos a--tqsina 


Then =s a 
ate x+qe* x*+2qxcosat+q? — 2?-4-2qr cos a+g? 


, put c=ge". 


and 
log b+ge* 1 os D? + 2bq cos a + q? (tans gsina _ TTL sin a ) 
at+ges” 9 PR b+q cosa. a+q cos a. 
Therefore 


f „atga y A b? + 2g cos a + q? 
a3-F2qx cosa Fg E G+ 2ag cos a +g? 
b 
ind Í : q sin a de eo EA a hanks 
‘ a X*--2qx cosa+q q sing qsina 
results which are obviously true otherwise. 


The process is valid, for all the conditions laid down in Art. 1198 are 
fulfilled, 


o 
(3) In J= I eat cos ba dz = 
0 


write a —ce'^, 
(a, c both +"; a, acute), 


D c(D?e'^ + c?e 7 **) 
COS 04 ON == Ti+ 2%? cos La + c 


a 
a? + 5? 


co 
Í g^ 6408 a p— teg sina 


www.rcin.org.pl 


TRANSITION TO COMPLEX CONSTANTS. 351 


Equating real and unreal parts, 
4-[ e^ 09998? cos bx cos (cx sin a) drm p OO Heese 

c(c? — b?) sina 
54 + 267¢? cos 2a + c* 

The change from a to ce does not affect the path of integration with 
regard to æ from O to ©; the integrands remain finite and continuous 
throughout the range, and though the upper limit is infinite both 
integrands are zero when w is infinite, and the conditions of the validity 
of the process are all satisfied. Hence it will be fair to assume the 
results correct. They may be readily verified otherwise. 


oo 
E=f e^ 0* 908? cos by sin (cx sin a) de — 


(4) In I= if er d, avt. write a —ce'^, (a and c +"; a, acute). 
Then {i gor (cos 2a+:ı sin 2a) de ES Vm e 
0 2c 


T. 
— ex? . NT 
Therefore i e OH? 008 2a cos (c2? sin 2a) dz cos a, 
0 


pee 22 gin (c!2?sin 2a) d= YT sin a. 


The new integrands satisfy the conditions under which the transition 
is permissible. 


Putting a=4, we have Fresnel’s integrals of Art. 1163, viz. 


(5) In Isf, etta YT, write a=m(1 +a), (a, +"). 


ND 
m(1+a)' 

Both sides are capable of expansion in powers of a, convergent for 
values of a which lie between —1 and +1. And both series remain 
convergent when we replace a by an unreal quantity with modulus <1. 
Hence, writing BV —1 for a, where B-< 1, we obtain 

ru e m (1-8) 2 (cos 2m2B a? — y sin 2MB 2?) do NT WI E 1-8 

-e m l4 m 14-6? 
whence (B<D; 


=m’ (1- 6%) a* 2 AM r 1 
|e cos 2m? (ja? de = Ii» 
—nm*(1—8?)2* «i 2 (2,52 -yr aBa 

| .e sin 2m? fa? dx = ES 
[Serrer, Calc. Int., p. 140.] 


Then i em (raya! qu — 


(8 « 1). 
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(6) Taking the integral 


Ief, e^ ?'? cosh Qx dx = e 


a? 
we observe that cosh 2qx and er” can both be developed in ascending 
powers of q which are both convergent series, and that if we write «q for 
q, the con vergence will not be affected. 
Hence, we may safely infer that 
; 3 
ju € ?'* cos 2g. dee NT e Es 
and as the integrands in these integrals are not affected by changing the 
sign of v in either case, either integral may be taken from 0 to œ, and 


the results are still true, provided in that case the right-hand sides be 
halved. 


7 —¢ at |x 
(7) In 7 sfe ( p PA e204, write c=ke'*. 


Then [ve —ke" Nee) iat en tte ak ea. 


J0 
r^ plr a 2 
i | e (+ +) ye M noA { k? (2+5) sin 2a} dx 


NT 


or ¿—2ak*cos 2a cos (a + 9G k?sin 2a), 


Wi MO NUM : 
F a+ da) 00820 be) sin 2a) dz 


- 


} ES —2ak* cos 2a sjy (a+ 2ak?sin 2a). 


[Cf. Cauchy, Mém. des Sav. Etrangers, i., p. 638.] 


(8 Taking Laplace’s integral Í e UP cog Modo e n write 


—nty* — pry? . © 
a —ce* ; then a?=c’e? =i and e "Y — g7 2 — cog c2x? — v sin ca. 


ur Ur 


m b 
m A 
Therefore [ (cos x? — + sin c?2?) cos 2b» dx GT , e) ; 


D T 2 
whence Í cos c?3? cos 2bx dw =, © cos (4 - a) 
NT sin(7 - 2) 
2c c 


* Traité de la Chaleur, p. 533 ; Gregory, D.C., p. 485. 


m 
IN sin c?7?sin 2bx dx= 


results due to Fourier.* 
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PROBLEMS. 


Ld 
n aM EE. Lar 
1. Show that I: cos” z cos ng dz gn [Co LEGES, 1892.] 


Show also that f cos" 0 cos (n — 2r) 0 40 =”, x 
0 


k p 
2. Evaluate | (1 -7) a"-ldz, where n is positive and k a 
0 


positive integer. [Sr. Joun’s, 1892] 


i! 
[MarH. TRIPOS., 1872.] 


24* ' : ; n 
3. Prove that =| eccosz sin (e sin £) sin nz de = = 
0 
4. If m be a positive integer, prove that 


* 
| (2 cos zy-1z sin (m + 1)z dz = iA 
" 4m 
[COLLEGES e, 1883.] 


5. If n be positive and less than unity, show that 


COSTE 7 qui r m ne 
NN. pug wea [COLLEGES f, 1889.] 
6. Show that 


d cos 25p cos py ,, y s9p-2D (P +1)...(p+s-—1) 
Ds a pern, 
where p is any negative quantity or any positive proper fraction. 
[COLLEGES y, 1888. ] 
7. Establish the result 


1 
| cosh (p log 2) log (1+2) E : (55) (p<1). 
0 


~ 9p sinpr p 
[Corrkars 6, 1883.] 


8 Evilunt ae sin? 6 d8 
brie EUR o 1-2sinasin 0 +sin20" [Corrx«rs £, 1890.] 
9. Show that the product of the two integrals 
e-P¿2-1 dx and | e-gi-n dy is E. 
0 0 4 sin avr 


[COLLEGES a, 1890.] 


T 
e? dz, show that u? -| (eh? seco — 1) dd. 
0 


h 
10. lf u=| 
[COLLEGES a, 1890.] 


0 


11. Show that | ee dó — log (4(1 - ¢-24)} 
0 


[CoLLEGEs, 1892, ete. ] 
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12. Show that 


asin z š 
L tan” red (ar mtm. g if a<l. 
(Marx. Tripos, 1882.] 
13. Prove that 


2m 
| cos nc log (1 + 2m cos c +m?) d0= — ar aye or 2r m, 
0 n n 


according as n is even or odd (12 m 0). [R. P.] 
14. Find the value of | sin nô tan-! um 
0 l -acos 0 

where —1—a «1 and n is an integer. [Oxrorp II. P., 1900.] 


15. If m, n being each less than unity, and sinz- sin (z +y), 


show that asin y dy T 1 


ol-2mcosyd m? 2m 8 l-mmn 
(Sr. Jonn’s, 1891.] 
16. Show that 


o0 
| i id dz= Qa-20+Da+2m+1 E cosec 2m +1 » 


o (a2 gine on 


where m, n and k are all positive integers and m<n, and Q is the 
2m+1—2n 
coefficient of ck in the expansion of (1—c) ?» in ascending 


powers of c. [CoLLEGEs a, 1887.] 


> 


17. Prove that 


ik do T e+a 


Ar sa («4 «1) 


[CoLLEGES y, 1888.] 


cosmo y (a- - Ja? — 1)" 
— cos 0 (a? —1 Hn 


m, where a>]. 
[St. Joun’s, 1881.] 


18. Prove that IP 
0 ¢ 
19. Prove that 
Ll € -- cos 0 PT T m 28-1] 
o (1 +2e cos 0 + e? - 2(1-e?) T, e*(e? - 1) 
according as e<1 or e 1. [R. P.] 


a” de T sinna 
20. Show that | . ———————Á;--———— — d 
o 1+2¢cosa+a? sinmm sina’ where, n. is pot 


an integer and iib [Sr. Jonw's, 1891.] 


www.rcin.org.pl 


DEFINITE INTEGRALS (III.). 355 


dx 


21. Show that | E 


if n be positive, 


F log z log (a + =) dz = ma cosec — = (loga-7 -- cot = -— 1) 
[MaTn. PAN 1883.] 


T cosec — 2 if n7 1, and thence show that 


22. Expand the definite integral 

1 -1(1 - gy8-1 

| d; (1- 2) 

0 (1 — ux)Y 
in the form of a series of ascending powers of u; and thence or 
otherwise find the relations which must subsist between «a, B, y and 
the indices a’, B', y' of a like integral, in order that the two integrals 

may be to each other in a ratio independent of v. 

[Surrn's Prize, 1875.] 


, 


23. Prove that 
y sin? z dz ——— a«1) 
Jo (1-2acosz-a?)(1-25cosz40) 2(1-ab) lb<1f' 
[COLLEGES y, 1893.] 


24, Point out the fallacy in the following train of reasoning, 
By putting az — y, we have 


r s 9D. e v oax _ p—bx o0 2 uo eaa 
| | “dy; zl c ae-[ “ay -| da TY 
o Y o Y 0 x o Y o Y 


Show that the value of the latter integral is log ?. 


[TRINITY COLLEGE, 1882.] 

25. Deduce from the expansion of log (1 +) that if x + 1 
a ms 2 
rntatatpa 
Deduce Euler's series 


i E Pe TTT A iy 
pou. eae E 


NT =z; |, log (1 +20 cos 0 +22)]*d0. 


26. Show that if J, -| sin 10 cot 2 d, then J,=TI,_,. 
0 - 
Hence show that 7, — 7. 


h 
27. By differentiating Den o Sas) dz with regard to a, show that 
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Hence deduce 
E $62 - $05, (a »[ EO dz- &(0)[aloga - blog à - a4] 
T. Dune E PO. 


on the supposition that $ is such that Lip=% f d dx vanishes. 


Apply this to show that f; FE — pe be ae 5 5 (6 - a). 


bei Calc. Int., p. 225.] 
28. Prove that if m, n are positive integers whose H.C.F. is 7, 
and m-— rp, n —rv, and p, q numerically less than unity, then will 


dz T lc-p'g 
La — Dp cos mz p))l-29eosnz4g) (1-55-4g)1l-pq« 
Ld d ET ga 
29. Show that | RE. de |= : at 
o L +e cos 24 EN E — gi 
[CoLLEGES ô, 1884.] 
El 
30. Evaluate | sin?z log tan z dz. 
0 
31. Prove that if » be a positive integer, 
(i) f cos 2n0 log (sin 0) d6- aT urs a cos nz (cos z)"^ da = jn Ts 
32. Prove that, n being a ptas integer, 
T . d . Ls 
(1) [ cos 2n0 log sin 0 0 = — inj 
T 
(ii) | cos 2n0 (log (2 sin 0))?d0 — 7 4 ,/2n ; 
0 
" oo 
(iii) Ji {log (2 sin 0)) 440 = 25/288 + X TAn? /n?, 
I 
dr ANE SE I1 
where 4,=1+ stata. fap? In [Sr. Joun’s, 1891.] 
33. Evaluate [^ AL. NE 1). 
o (1 - 4 cos x)? v 0 [CoLLEGEs, 1890.) 
34. Prove that if n be a positive integer and 7/2>a>0, then 
[2 sin?»-17 .$* 1.9.5...(20-3) -. LL 4 
o 2 (1 —sin?asin?z)" 2^ (n.- 1)! TUR T 


(St. Jons's, 1887.] 
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7 
35. Show that of sec z log (1 + sin a cos 2) dz = ra — a?, 
0 
1 2 
Hence deduce | log cur )) dz. 


0 (Trinity, 1884.] 


36. Prove that if z — 1, 


y lo 1+2c0s 0 .d0 —9mTsin-iz 
f ST —z cos Ó cos Ó ' [CoLLEGES a, 1891.] 


37. If w+ v=4, u—v=2sin 0, show that 
P. wd x T 
OD — 9 ——— 9 gu p 
NIS 9^3 = log ( cos iz) 
38. If m and n are positive integers, prove that 


=(n-m)r. 


d 2 2 
| cos (2m + 1)x — cos (2n + 1) de 
[Oxron»p II., 1890.] 


0 zsinz 
39. Prove that 


T 
[ (tan-i(a tan x) — tan-! (b tan «)} (tan x + eot z)d« =5 log T 


where a and b are both positive. [Oxron» II., 1886.] 


% obz gj at gj 
ez sin Bg — e7 9 sin ax Ph A A 
opin pe Y On ae NR if -—25-0, and 


B 


a and b be positive. [CranE, Carus AND Krxa's, 1885.] 


40. Show that | 


la+my-+-nz 
41. Prove that fil a  dzdydz extended over the volume of 


the ellipsoid 2?/a? + y2/b? + 22/c2=1 is equal to 4rabc/e, a being equal 
to Jal? + bm? + ?n? and l, m, n being direction cosines. 
[CoLLEGEs, 1886.] 


42. Show that 


J (E + (a —b) ~ Mr-b-a -alog^, 


where a and b are positive quantities. [TrrwrrY, 1892.] 
7(0—tan"t(ntan 0)) sin20d0 m, lin. 
ist o f, "TF eos 20402 mn ET ant 


be less than unity. 
Determine also the value of the same integral when n is greater 
than unity. (Sr. Joun’s, 1891.] 
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44. Prove that, for any value of n, provided a be between 0 and r, 


P Ha ea. OC AOI, MÀ 
o (L+a")(1+2ecosa+2") — 9sina 


o (1+a")(1 — 22? cos 2a+a4) 4sina 
[Sr. Joun’s Corr., 1881.] 


45. Prove that it € be positive and less than unity, 
cen 
f sin ang e~ zè sin? cos {cx sin’p(1 — c cos $)) dz do = MM. T- (AF 
[Marn. Tripos, 1886. ] 
46. Sion that 


| Viena VE  2(249 42) 3 T 

f o Jo "p (a? +? + 2? + 4c?) magues 1200002 V/T + m? 
[Sr. Joun’s, 1885.] 

47. Show that 


T [2T 
| | f(mcos 0 +m sin Osin q + p sin 0 cos p) sin 0 d0 d$ 
o Jo 
41 
= ar Í f (zm? +n? + p?) de, 
-1 
48. Prove that if n be a positive integer, 


T 
il eager thal d sin?^*27) dda» “i 
sin?y — sin?z 


[Porssox.] 


[Sr. Jonw's, 1888.] 
49. Prove that 


Im - i A. 
; | | (1 — sin? sin? 0)? sin"+! w d0 dw 
oJo 
is a symmetric function of m and n. [Marn. TRIP., 1895.] 
50. Prove that 


z do 
—(24--22* y* cos 2a+y4) STi A 
idu ae di dy = sf JVI - sin?a sin20 


[Ox. II. Pus., 1902.] 
51. Prove that 


ay d? LE Bi at 
Í da. (e "dam - ly J2r are? . 
52. If u= (ab — ab)? + (ac' - a'c) xy + wie — l/c)y?, prove that 
oo 00 
ut d ; 
MA e etu dx dy = E 


where E = 4(ab' — a'b) (be — b'c) - (ca' — c'a)?, provided 
4 (02 — ac) (0? — a'c) > (2bb' — ac -- a'c)?. (Sv. Jomw's, 1886.] 
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53. Show that 


o0 po pil wala 1 Fa 
—ax'—Lexy—by* dy dy = — — — cos-! —— 
NIC P CHEESE , uda 


if a > 0 and ab - ? > 0. [I. C. S., 1897.] 
54. Show that 


o0 cd TO 
y e -ax?-by? T As 
INKL 2cxy e- av -by ey EU 


if a, b, c are positive quantities and ab — c? > 0. (I. C. S., 1897.] 


55. Show that 


IN F(1 — sin 0 cos ¢) sin 0 dô d = 1« I, F (u) du. 
oJo 0 


[Sr. Jons's, 1891.] 
56. Prove that 


> oo 
n $ (az? + 02?) dz dy = ial, (x) da. 


e taken throughout the ellipse 
179 


57. Caleulate the value of If 


a y 
att jan) 
where 7, and 7, are the distances of the point x, y from the foci. 
[CorrEGES a, 1889.] 


58. If Vesinp,@sin p, sin p,Ó ... sin psy 410, where p, py, ... pon41 
are any positive integers whose sum is odd, prove that 


[ Vdo f V6 
o 9  Josind [Sr. Jonw's, 1892.] 
59. Show, by means of Landen's Transformation 
a-b 
tan (0 - $) = Pon, tan 0, 

T / ir 
NM fiat. ww E 

0 (a? cos?0 4- 0? sin20)* 0 (a,2 cos? $ +b? sin? $)? 


where a, and b, are respectively the arithmetic and the geometric 
means between a and b. 

Point out the value of this result in the calculation of the 
numerical value of the definite integral. [MarH. Triros, 1889.] 
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60. If p be oy length of the perpendicular from the centre of the 
gi 
ellipsoid * as - 57 Ll onan element dS of the surface, prove that 


eh dz 
f EI a) +25 +0) |, JE X) 8x X) + A) 
[Corrkcrs y, 1901.] 


61. Show that | ti BIA 
0 sin 6 2 
provided n is an integer and r any quantity — n - 1. 
[Marn. Trie., 1873.] 


logz 


62. Prove that 
ov/4z — 22 


da — 0. 


[CLARE, Carus, Kina’s, 1886.] 
63. Prove that aj „log (1 + sin 20) d9 + log 2 — 0. 
E" 


Hence, or otherwise, find the value of 
oe ERI ra 
2 2.4: 2.4.60 °°" [Ox. I. P., 1900.] 


64. If u, w are essentially positive quadratic functions of z; A, A’ 
their diseriminants and H the invariant intermediate to A and A’, 


prove that » i d de $ H49JAN 
Mee vr gu M dis 15: 
- [Nanson, E.T., 13406.] 


65. If SN ant" — (rz) and b bne” = y (0), 
show that T M 

24 Andy” = x |. {p(xe®) +  (ze79)) [y (e0) + Y (e7:9)) dO — agbo. 

If also > nt” = x(x), show how to express S amb nent” by means 
of à rendir. [SMAASEN. ] 


66. Prove that 


pz pa pias 
l+irgi tarat 316+ 


H. [ en cos cosh (v cos 2) cos (y sin 0) cos (ve sin 5) a8 -1. 
7 Jo 2 2 


[W. H. L. RusseLL. ] 
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67. Show that 
- On)! 2 sinh 7 
f Nl A A o o 
-5 (a? + 22) (a? + 4?) ... (a? + (2n)? } a 


Hence prove that 
z? P 


x 
l* gym rra) (2) 43) 08 * 


2 
= 5cosech A „e2 cosh (yz cos 0) dé. 
72 
[W. H. L. RussELL.] 
p a 
e *(& —cosz)dz—4 ae sinh 
a a 
[W. H. L. RussELL.] 


68. Show that F 


69. Establish the results 
(i) “f(2+3)10 Je =0 
ó z) 87g y 
meer 1 - de «ft 1\ dz 
(ii) f f(a +=) tan zo f 2)- 


[LrioUVILLE.] 
70. Establish the results 


o [epa ep en 


dz T 
dl ana ti 


ds 8 F(sin 26) 412 iss 
(ii) f ee - 5 [, "in 6) dé. 


[GLAISHER, Messenger of Math., No. 70.] 
71. If J, (2) be Bessel's function, show that 


IH m -1 
Jal (az) 3 g^ ( 2 ) 
daa ————— . (2n -1-0 - 1). 
ot eae Ae) NA OE o 
9 [MaTn. TRIP., 1898.] 
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